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Microstructure based mechanistic calculations, coupled with physically motivated crack initiation criterion,
can provide effective means to predict fatigue cracking in polycrystalline materials. However the
accommodation of large number of cycles to failure, as observed in the experiments, could be computationally
exhaustive to simulate using conventional single time scale finite element analysis. To meet this challenging
requirement, a novel wavelet transformation based multi-time scaling algorithm is proposed for accelerated
crystal plasticity finite element simulations in this paper. An advantage over other conventional methods that
fail because of assumptions of periodicity etc., is that no assumption of scale separation is needed with this
method. The wavelet decomposition naturally retains the high frequency response through the wavelet basis
functions and transforms the low frequency material response into a “cycle scale” problem with monotonic
evolution. The method significantly enhances the computational efficiency in comparison with conventional
single time scale integration methods. Adaptivity conditions are also developed for this algorithm to improve
accuracy and efficiency. Numerical examples for validating the multi-scaling algorithm are executed for a one
dimensional viscoplastic problem and a 3D crystal plasticity model of polycrystalline Ti alloy under the cyclic
loading conditions.
l rights reserved.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction

Many metals and alloys, such as titanium alloys and Ni-base
superalloys, find widespread utilization in various high performance
applications e.g. in the automotive andaerospace sectors. During service,
these materials are exposed to cyclic loading conditions due to start up
and shut down processes or load reversals. In many cases, this results in
their fatigue or time delayed fracture. Fatigue failure in the microstruc-
ture evolves in three stages [1], viz. (i) crack nucleation due to
inhomogeneous plastic flow or grain boundary failure, (ii) subsequent
crack growth by cyclic stresses, and (iii) coalescence of cracks to cause
fast crack propagation.

A large body of literature exists in the field of fatigue of metals [1–5].
Fatigue analysis by total life approaches includes (i) the stress–life or
S–N approach, where the stress amplitude versus life is determined,
and (ii) the strain–life approach e.g. the Coffin–Manson rule, where
the number of cycles to failure is determined as a function of plastic
strain. The total life approaches have been adjusted for notch effects
using fatigue strength reduction and for variable amplitude fatigue
e.g. in the Palmgren–Miner rule of cumulative damage. In these cases,
microstructural effects are merely represented by shifts in such data
curves after extensive testing. Alternatively, the defect or damage
tolerance approaches determine fatigue life as the number of cycles to
propagate a crack from a certain initial size to a critical size. These are
determined from threshold stress intensity, fracture toughness, limit
load, allowable strain or allowable compliance. The models assume
the presence of a flaw in the structure, and predict life using models
such as the Paris law [6]. Fatigue crack advance has been conven-
tionally based on linear elastic fracture mechanics analysis related to
the concepts of similitude. While these widely used models have
worked well for alloys under specific test conditions, there is
significant scatter in their predictions. The safe life and fatigue design
criteria, conventionally employed in current practice [7], lead to
premature retiring of a great number of expensive parts even before
damage initiation, thus shortening their full useful life.

Lack of information on the material microstructure along with
incorporation of underlying physics based mechanisms, prevent the
creation of a generalized framework for conventional fatigue models
to be applied to a variety of materials and loading conditions. Addi-
tionally, the lack of this information also results in a large scatter in the
predicted life. Experimental studies on fatigue behavior of commercial
alloys in [8–10] have demonstrated the influence of material
deformation and damage mechanisms, creep, oxidation and micro-
structural instabilities on cyclic life. Morphological and crystallo-
graphic characteristics of the microstructure, e.g. crystal orientations
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and misorientations, grain size, grain boundary geometry etc., play
significant roles in the mechanical behavior and fatigue failure
response of the material. To account for these factors, the recent
years have seen a paradigm shift towards the use of mechanistic
models of detailed material microstructures for predicting fatigue
crack nucleation and propagation. These methods show significant
promise as superior alternatives to the empirical models. Many of
these mechanistic approaches seek accurate description of material
behavior through crystal plasticity based finite element models.
Crystal plasticity theories with explicit grain structures are effective
in predicting localized cyclic plastic strains [11–14]. Deformation
modeling with crystal plasticity [15] has established that preferred
grain orientations due to crystal rotation facilitate slip transmittal
across grain boundaries and are a dominant cause for material flow
anisotropy leading to failure. In crystal plasticity based modeling
approaches, themechanical response of polycrystalline aggregates are
deduced from the behavior of constituent crystal grains with specific
assumptions about their interaction. Computational studies, e.g. in
[16–20] have modeled anisotropy and its evolution in large deforma-
tion processes with this approach. Significant efforts are currently
being made in cyclic plasticity and fatigue modeling from micro-
structural stress–strain evolution. Finite element calculations have
shown that depending on the loading conditions, significant gradients
of stresses or strains can evolve, even within a single slip system. The
mechanical behavior of aluminum alloys in cyclic loading using crystal
plasticity based FEM simulations of crystalline aggregates have been
investigated in [21,22]. In [12], the authors have incorporated a crystal
plasticitymodel with kinematic hardening tomodel cyclic plasticity in
high cycle fatigue of Ti alloys. Ghosh et al. [23–27] have developed
crystal plasticity models for deformation and creep in titanium alloys,
e.g. Ti-6AL and Ti-6242, along with associated crack nucleation under
cyclic loading in [13,14,28]. They have also modeled deformation and
ratcheting fatigue of HSLA steels in [29,30]. These calculations provide
a platform for the implementation of physics based cyclic deformation
and crack evolution criterion that accounts for the effects of
microstructural inhomogeneities.

Typically fatigue life in metallic materials could be of the order of
thousands of cycles, depending on the material and loading condi-
tions. A major challenge with the crystal plasticity finite element
simulations for fatigue life prediction is the accommodation of the
large number of cycles to failure, or even crack nucleation. In single
time-scale finite element solutions using conventional time integra-
tion algorithms [31,32], each cycle is discretized into an appropriate
number of time steps, over which integration is performed. In crystal
plasticity calculations, a high resolution in the time steps is required
for each cycle throughout the loading process, often leading to
exorbitant computational requirements. Consequently, many studies
on cyclic deformation with 3D crystal plasticity [12,21,22,30] have
resorted to simulating a small number of cycles (∼100) and
subsequently extrapolating the results to thousands of cycles for
making fatigue life predictions. Extrapolation can lead to considerable
error, particularly when it comes to the evolution of microstructural
variables that are used in predicting local failure. It is therefore
desirable to conduct simulations for a large number of cycles to reach
the local states of crack nucleation and growth.

This requirement presents significant challenges due to the
existence of different time scales, ranging from the scale of each
load cycle to that of the life of the component. Methods of multi-
scaling in the temporal domain may be introduced to avert some of
these challenges. Themethod of direct separation of motions has been
traditionally used to study the vibratory response under the
application of high frequency loads [33,34]. It involves defining two
separate integro-differential equations, one each for the high and low
frequency components of the response. The high frequency compo-
nent is either approximated or is calculated explicitly and is used in
the integro-differential equation for the low frequency response. This
method is based on the assumption that all variables are either locally
periodic or nearly periodic in the temporal domain and applications of
similar methods have been made to material problems in e.g. [35,36].
These methods implicitly assume that scale separation is admitted in
these problems. However, these methods cannot be extended to
crystal plasticity solutions due to the strong non-periodic response of
evolving plastic variables and also due to localization in the spatial
domain. In addition, these methods often invoke two-way coupling
between the time scales that requires having to solve initial value
problems in each step at both time scales. This can result in very high
computational time and may not provide any advantage over single
time scale calculations. In [37], cyclic averaging in conjunction with
asymptotic expansion of variables in the time domain has been
proposed as a basis of multi-time scaling. However, asymptotic
expansion methods are not suitable for crystal plasticity simulations
at or near fully reversed loading for with the amplitude ratio R∼−1.
Large oscillations present in plastic variables during reversible loading
conditions lead to dominant higher order terms in the asymptotic
series that do not conform to the requirements of monotonically
decaying contributions of higher order terms.

This paper proposes a novel wavelet transformation based multi-
time scaling (WATMUS) algorithm for accelerated crystal plasticity
finite element simulations to overcome the above deficiencies. The
wavelet decomposition naturally retains the high frequency response
through thewavelet basis functions and transforms the low frequency
material response into a “cycle scale” problem undergoing monotonic
evolution. No assumption of scale separation is needed with this
method. The organization of the paper is as follows. The crystal
plasticity constitutive equations in the context of finite element
implementation for Ti alloys are discussed in Section 2. A brief review
of a few existingmethods of time scale acceleration, that assume scale
separation, periodicity etc. is given in Section 3. Section 4 introduces
thewavelet basedmulti-time scaling schemewith a brief introduction
to wavelets, followed by decomposition into coarse and fine-scale
equations with the associated finite element framework. Adaptive
methods to improve accuracy and efficiency of the algorithm are
discussed in Section 5. Numerical examples for validating the
WATMUS algorithm and establishing its capabilities are executed in
Section 6. A one dimensional viscoplastic problem is modeled for
reverse loading conditions and a 3D crystal plasticity model of a
polycrystalline Ti-6AL alloys is simulated under the cyclic loading
conditions. The paper is concluded in Section 7 with some concluding
remarks.

2. Crystal plasticity constitutive relations

The material that is specifically studied in this work is a
polycrystalline titanium alloy Ti-6Al with a hexagonal close packed
or hcp structure. The hcp crystalline structure consists of 5 different
families of slip systems as described in [23], including (a) three
families of baN systems, namely 3 equivalent basal 0001f gb11P20 N, 3
equivalent prismatic 10

P
10

n o
b11

P
20 N and 6 equivalent pyramidal

10
P
11

n o
b11

P
20 N systems, and (b) two families of pyramidal bc+aN

systems, namely 12 first order 10
P
11

n o
b11

P
23 N and 6 second order

11
P
22

n o
b11

P
23 N systems. This constitutes a total of 30 possible slip

systems for hcp crystals. In Ti alloys, the different slip systems exhibit
strong anisotropic behavior both in elasticity and in plasticity. For
elasticity, a transversely isotropic response with five independent
elastic constants is used [23–25,38]. Plastic deformation occurs by
crystallographic slip on the different slip systems. The deformation
behavior of the hcp material in this paper is modeled using a rate
dependent, isothermal, elastic–viscoplastic, finite strain, crystal
plasticity formulation following the work [23–25,38]. In this model,
crystal deformation results from a combination of the elastic
stretching and rotation of the crystal lattice and plastic slip on the



Table 1
Transverse isotropic elastic stiffness parameters for Ti-6AL.

Elastic stiffness components (GPa) C11 C12 C13 C33 C55

170 98 86 204 51
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different slip systems. The stress–strain relation is written in terms of
the second Piola–Kirchoff stress S and the work conjugate Lagrange–
Green strain tensor E as

S = C : Ee
; whereEe =

1
2

FeTFe−I
� �

ð1Þ

Here C is a fourth order anisotropic elasticity tensor and Fe is the
elastic component of the deformation gradient which is obtained by
multiplicative decomposition

F = FeFp; det Fe
� �

N 0 ð2Þ

where F is the deformation gradient tensor and Fp is its plastic
component with the incompressibility constraint det(Fp)=1. The
flow rule governing evolution of plastic deformation is expressed in
terms of the plastic velocity gradient as:

Lp = Fp˙ Fp−1 = ∑
nslip

α
γ̇αsα ð3Þ

where the Schmid tensor associated with α-th slip system sα is
expressed in terms of the slip direction m0

α and the slip plane normal
n0
α in the reference configuration as sα=m0

α⊗n0
α. For a plastic slip rate

γ̇α on the slip system α, a power law dependence on the resolved
shear stress τα and the slip system deformation resistance gα has been
described in a number of crystal plasticity models [16,18,39] as:

γ̇α = ˙̃γj τα−χα

gα j1m sign τα−χα� �
; τα = FeTFeS

� �
: sα ð4Þ

Herem is the material rate sensitivity parameter, ˙̃γ is the reference
plastic shearing rate and χα is the back-stress that accounts for
kinematic hardening in cyclic deformation.

2.1. Slip system deformation resistance

The evolution of the slip system deformation resistance is assumed
to be of the form:

ġα = ∑
β

hαβ j γ̇β j ð5Þ

The moduli hαβ=qαβhβ (no sum on β) corresponds to strain
hardening rate due to self and latent hardening on the α-th slip
system due to slip on the β-th slip system. Here, hβ corresponds to the
self-hardening and qαβ is a matrix describing the latent hardening.
The evolution of self-hardening, used in [24,25,38], is of the form:

hβ = h0j1− gβ

gβ
s
jrsign 1− gβ

gβ
s

 !
; gβs = gs0 j γ̇ β

˙̃γ
j0

@
1
Ac

ð6Þ

where h0 is the initial hardening rate, gs
β is the saturation slip

deformation resistance, and r, gs0 and c are the slip system hardening
parameters.

2.2. Back stress evolution

For modeling cyclic deformation it is important to include
kinematic hardening. This has been done by including a backstress
in the power law Eq. (4) as in [23,29,40,41]. Theresolved effective
stress χα, which is the driving force for the dislocation motion on slip
system α is defined as:

χ̇α = ck γ̇
α−dkχ

αj γ̇αj ð7Þ
In Eq. (7), ck and dk are the direct hardening and dynamic recovery
coefficients, respectively.

2.3. Size effect

Experimental studies on alloy systems have shown the dependence
of flow stress on grain size due to grain boundary strengthening with
saturation at a threshold value of grain size. To account for size effects in
crystal plasticity formulation, a Hall–Petch type relationship that relates
the slip system deformation resistance to a characteristic length scale
has been incorporated [26,27].The dependence is expressed as:

gα = gα0 +
Kαffiffiffiffiffiffiffi
Dα

p ð8Þ

where g0
α andKα are size effect related slip systemconstants that refer to

the interior slip system deformation resistance and slope respectively,
andDα is the characteristic length scale governing the size effect (suchas
the grain size).

The calibrated elastic and crystal plasticity material constants are
listed in Tables 1 and 2 respectively.

3. Review of some accelerated time integration methods for
cyclic plasticity

Simulating a large number of cycles for crystal plasticity simulations
is computationally prohibitive using conventional FEM with a single
time scale integration. In these conventionalmethods of numerical time
integration using semi-discretization, each cycle is discretized into a
number of time steps for time integration. A high time step resolution
may be required for each cycle, depending on the evolution pattern of
the response variables throughout the loading process. In addition, it is
often necessary to conduct simulations for a significantly high number
of cycles to reach local states of damage initiation and growth. This
presents a significant challenge due to the presence of two distinct time
scales, viz.:

1. Thefine time scaleτof eachcycle, dictatedby the frequencyof loading
2. The coarse time scale t of material evolution, characterized by the

material relaxation time or time to failure.

To overcome this challenge, a variety of accelerated time integration
methodologies have been devised in the literature. The following
subsectionsdiscuss the feasibility and shortcomings of theseapproaches
in reference to the ratedependent plasticityproblemthat is being solved
here.

3.1. Extrapolation based methods

In extrapolation methods, the cyclic response of a representative
microstructural volume is simulated up to a certain number of cycles
and the evolution of state variables are extrapolated from these results
thereafter. High cycle fatigue problemshave been studied in [12],where
fatigue cracks usually initiate after thousands of cycles. However, only
two complete strain cycles were simulated to obtain fatigue parameters
with the assumption that the response stabilizes thereafter. Fretting
fatigue in titanium alloys has been studied using a cyclic crystal
plasticity model in [42,43], where the response is assumed to stabilize
after three load cycles. An extrapolation based approach has also been
utilized in [30] for predicting fatigue life of HSLA steels from the results



Table 2
Crystal plasticity parameters in the hcp model for Ti-6AL.

CP Parameters Basal Prismatic Pyramidal baN Pyramidal

baN slip baN slip baN slip bc+aN slip

γ̇0 0.0023 0.0023 0.0023 0.0023
m 0.02 0.02 0.02 0.02
g0 (MPa) 284 282.24 395 623.3
K (MPa

ffiffiffiffiffiffiffi
μm

p
) 164.5 164.5 164.5 164.5

h0 (MPa) 100 100 100 100
r 0.1 0.1 0.1 0.1
n 0.01 0.01 0.01 0.01
gs (MPa) 450 550 550 1650

Table 3
Properties for the 1-D visco-plastic problem.

E (MPa) ȧ s−1
� �

m go1 (MPa) go2 (MPa) h(MPa)

200×103 0.0023 0.02 320 600 100

Fig. 1. Comparisonbetween the single scale andextrapolated solution for the 1-Dproblem.

2180 D.S. Joseph et al. / Computer Methods in Applied Mechanics and Engineering 199 (2010) 2177–2194
of crystal plasticity simulations. The stabilized plastic strain response is
used to derive a functional relationship for the local ratcheting rate in
terms of the number of cycles and the mean applied stress, of the form:

dεp

dN
=

dεp

dN

� �
1
−C1 1− 1

N 1 + ln Nð Þð ÞC2

 !
ð9Þ

where C1 and C2 are parameters which depend on the applied mean

stress and dεp

dN

h i
1
is the ratcheting rate for the first cycle.

Amajor drawback of the extrapolation based approaches is that they
fail to adequately track the evolution of microstructural variables that
are often highly localized, e.g. the phenomenon of load shedding from
one grain to its neighbors. This can lead to significant errors in the
predicted valueof themicrostructural state variables and can render any
microstructure based crack initiation criterion completely inaccurate.
Another issuewith thesemethods is that their accuracy is very sensitive
to the point or points in time, fromwhich values are being extrapolated.
Reaching a stabilized state at all points in the polycrystalline
microstructure may involve simulating a considerable number of cycles
before the extrapolation is carriedout. Even then, it doesnot exclude the
possibility of inaccurate representation of local deformation states in the
microstructure that are crucial for predicting fatigue life.

As a test of the extrapolation algorithms, a one-dimensional
viscoplastic bar problem is solved with the following constitutive re-
lations and boundary conditions.

σ = E ε−εp
� �

; ε̇p = ȧjσg j1m sign σð Þ ġ= hj ε̇pj

withεp x; t = 0ð Þ = 0 and g x; t = 0ð Þ =
go1 for0 b x b L

go2 for L b x b 2L

(
ð10Þ

with σ, ɛ, ɛp, g,m and ˙a being the stress, strain, plastic strain, hardness,
rate sensitivity exponent and reference strain rate. The cyclic
boundary conditions imposed are:

u x = 0; tð Þ = 0 and

u x = 2L; tð Þ = u–o + ũo sin
2π
τo

t
ζ

	 

withζ→0

ð11Þ

Eqs. (10) and (11) are solved using the finite elementmethod using
two 1-D bar elements for up to 2000 cycles of the applied displacement
loading. Material parameters used are shown in Table 3 and the time
period of the applied loading is 1 s i.e. ζτo=1.

For testing the extrapolation based schemes, the simulation is
continued till stabilization in plastic strain occurs corresponding
to Δɛp(N)≤10−3×ɛp0(N). Here ɛp0(N) is the plastic strain at the
beginning of cycleN andΔɛp(N) is the change in plastic strain over the
N-th cycle. For the problem considered, stabilization occurs at around
No=1590 cycles and the variable ɛp0(N) is extrapolated from the
corresponding state using the formula:

εp0 Nð Þ = εp0 Noð Þ + εp0 No + 1ð Þ−εp0 Noð Þ
� �

N−Noð Þ N N No ð12Þ

Fig. 1 shows a comparison of the extrapolated solution with the
completely solved finite element solution for 2000 cycles. The extra-
polated solution accumulates errorwith increasing cycles, with an error
of approximately 12% at around 5000 cycles even in this macroscopic
variable. In another scheme, a cubic polynomial is fitted with the initial
values of the plastic strain and the corresponding extrapolation is
shown. This also fails in capturing the response after the stabilized cycle.
It is obvious that these methods are likely to produce significant local
errors evenwhen overall stabilization has been achieved in the solution.

3.2. Block integration methods

Block integration methods divide the entire loading history into a
series of blocks and subsequently evaluate the evolution of state
variables within a block by using their starting values within the block.
Block integration schemes have been developed in the context of
continuum damage mechanics in [44–46]. In these methods a constant
amplitude loadinghistory is subdivided into a series of load cycle blocks.
Each block consists of a series of load reversals between two fixed
amplitudes. As pointed out in [46], limitationsof these approaches are as
follows:

• Solutions deviate from the equilibrium path caused by assumptions
in the integration of the fatigue damage accumulation law (damage
evolution independent of stress).

• It is difficult to estimate the adequate block size especially when the
growth of the fatigue damage is high.

• The methods have limited applicability to heterogeneous materials.

As a remedy, the cyclic derivative of the damage parameter using an
incremental finite element analysis has been proposed in [46]. This is
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then integrated over multiple cycles by a modified Euler approach with
time step control. However, this approach violates the constitutive
relationsdue to keeping state variablesfixedwhileupdating thedamage
variables, and a consistency adjustment procedure is required.
Consequently, the number of cycles traversed in each step can turn
out tobevery small and themethodwill lose its advantage. Additionally,
the consistency adjustment procedure can lead to non-uniqueness in
the solution.

3.3. Dual time scale methods

Limitations of the previous approaches have led to the development
of dual time scale methods [36,37,47] that assume the existence of two
time scales in the solution to the governing equations. The first
corresponds to a coarsetime scale t that characterizes the slow varying
behavior of the solution, while the second is a fine time scale τ that
characterizes the fast varying behavior. Themethods rely on decoupling
the problem into a set of coarse scale and fine scale evolution equations.
Typically, a one-way coarse to fine scale coupling is necessary for
harnessing the full computational advantage of thesemethods. The high
frequency component is either approximated or is calculated explicitly
and is used in a set of integro-differential equations for the low
frequency response. The coarse scale equations, describing the low
frequency behavior, can be integrated with significantly larger time
steps compared to the normal cycle by cycle integration method. The
fine scale evolution equations, corresponding to the high frequency
component of the solution, are used to reconstruct the full solution at
any point in the coarse time scale. Two approaches in this category are
discussed next for their suitability to this class of problems.

3.3.1. Asymptotic expansion based methods
Dual time scale methods, proposed in [36,37,47] make use of an

asymptotic expansion of the primary state variables to decouple their
coarse and fine scale evolution. Yu and Fish [36] have proposed a
temporal homogenization method in which they assumed all the
variables to be locally periodic in time. This assumption was nominally
relaxed in [47] to include variables, which are nearly periodic in time.
Temporal periodicity or even near-periodicity are however not valid
assumptions for evolving microstructural variables in crystal plasticity
simulations under certain loading conditions. In addition, these
methods may invoke two-way coupling between the time scales that
requires solution of initial value problems at both time scales in each
step. This can result in very high computational cost and may not
provide any advantage over single time scale calculations.

To avoid two-way coupling, Ghosh et al. [37,48] have developed a
decoupled set of crystal plasticity based governing equations. The
problemsare characterizedbya cycle-averaged, low frequencybehavior
and a short time scale (high frequency) problem for the remaining
oscillatory portion. Effective constitutive equations are developed for
the cycle-averagedproblemby interpolating ina parameter space that is
created from single time scale solutions of single slip-system problems.
The resulting averaged constitutive equations do not assumeperiodicity
and are decoupled from the short time scale oscillatory behavior.
Consequently, they can be solved with time increments that are of the
order of multiple time periods of the cyclic loading. This can yield
significant computational gain over single time scale solution. Further-
more, asymptotic expansions of various field variables are used to
decompose the oscillatory problem into various orders of oscillations.
Each order of oscillatory solution can be solved locally in temporal
domain with the knowledge of the averaged solution. While compu-
tational efficiency can be significantly enhanced with this method for
certain problems, the asymptotic expansion based methods can face
serious deficiencies for some load cases as discussed later in this section.

The main idea of the asymptotic methods and its application in
[37,48] can be understood through the 1-D viscoplastic problem
introduced in Section 3.1. All state variables, e.g. plastic strain, stress
and hardness at a point x are assumed to depend on the two scales t and
τ and may be expressed in terms of an asymptotic series as:

εp ζð Þ x; t;τð Þ = εp 0ð Þ x; t; τð Þ + ζεp 1ð Þ x; t;τð Þ + O ζ2
� �

σζ x; t; τð Þ = σð0Þ x; t; τð Þ + ζσð1Þ x; t;τð Þ + O ζ2
� �

gζ x; t;τð Þ = gð0Þ x; t;τð Þ + ζgð1Þ x; t; τð Þ + O ζ2
� �

ð13Þ

In addition, these evolving variables ϕ(x,t,τ) can be decomposed
into their average and oscillator parts as:

ϕ
–
x; tð Þ = 1

τo
∫

t
ζ + τo
t
ζ

ϕ x; t; τð Þdτ = 〈ϕ〉 ϕosc x; t;τð Þ = ϕ x; t; τð Þ− ϕ– x; tð Þ

ð14Þ

Substituting these decompositions into the constitutive equations
and separating terms corresponding to various orders of ɛp(ζ) result in:

O ζ−1
� �

:
∂εp 0ð Þ

osc

∂τ = 0⇒εp 0ð Þ t; τð Þ = ε–
p 0ð Þ

tð Þ and εp 0ð Þ
osc t;τð Þ = 0

ð15aÞ
∂g 0ð Þ

osc

∂τ = h sign σð Þ ∂ε
p 0ð Þ
osc

∂τ = 0 ð15bÞ

O ζ0
� �

:
∂εp 0ð Þ

∂t +
∂εp 1ð Þ

∂τ = ȧ∣σ 0ð Þ

g 0ð Þ ∣1msign σð Þ ð15cÞ

∂g 0ð Þ
osc

∂t +
∂gð1Þ

∂τ = hsign σð Þ ∂εp 0ð Þ

∂t +
∂εp 1ð Þ

∂τ

 !
ð15dÞ

Local temporal periodicity, that has been assumed in [36,47], is in
general not valid for problems involving plastic accumulation due to
evolving hardness and other parameters. From the asymptotic
analysis, the plastic strain oscillator is derived to be of O(ζ). This
implies that the stress oscillator σosc

ζ is of the form:

σζ
osc = Eεosc−ζEεp 1ð Þ

osc + O ζ2
� �

ð16Þ

Considering only O(ζ0) contributions, the stress oscillator can be
assumed to be elastic i.e. σosc

ζ ≈Eɛosc as long as ζɛp(1)→0. This result
ensures that the stress oscillator can be obtained at everymaterial point
by simulating a single cycle. The approach used in [37,48] makes use of
this property and assumes a coarse scale evolution equation for the
average plastic strain of the form:

d ε–
p

dt
= f σ–;σchar

osc ; g–
� �

ð17Þ

thereby decoupling the average and the oscillatory parts of the problem.
The function f is obtained through a calibration process. In Eq. (17),σosc

char

is selected as a characteristic function of the stress oscillator, e.g. the
stress amplitude. From the results of the asymptotic analysis, the stress
oscillator may be assumed to remain constant at a material point from
cycle to cycle. Eq. (17) can now be used to integrate overmany cycles in
one integration step over coarse time t.

Remark 1. Failure of the asymptotic methods for certain R ratios.

Load reversal in cyclic loading is expressed in terms of the R ratio,
defined as R = σmin

σmax
. While the asymptotic expansion based methods

workwell for loads that are not in the vicinity of fully reversed loading
i.e. for R≠−1, they face severe limitations as the loads approach the
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fully reversed loading case i.e. R→−1. Large oscillations in the plastic
variables are encountered near R=−1 that violate the assumption of
decay of higher order terms in the asymptotic expansion. This implies
that the stress oscillator is no longer elastic and has a strong inelastic
component. Hence it is not possible to characterize it at a point across
multiple cycles from the results of just one cycle. As a result, equations
of the form (17) are not usable in such situations as discussed next.

The 1-D bar is subjected to an applied harmonic strain of
ε t; τð Þ = ε–o + ε̃o sin

2π
τo
τ

� �
. Here t represents the coarse or slow

varying time scale and τ = t
ζ
with ζ→0 represents the fast varying

time scale. Application of chain rule together with a relation connecting

derivatives in the two scales results in:

∂εp ζð Þ

∂t +
1
ζ
∂εp ζð Þ

∂τ = ȧj E ε–o + ε̃o sin
2π
τo
τ

	 

−εp

	 

g

j1msign σð Þ ð18Þ

Using the asymptotic expansion in Eq. (13) for a simplified case
with m=1 and h=0, the following solution can be obtained
analytically:

εpζ = ε– p 0ð Þ tð Þ + ζ ε–p 1ð Þ tð Þ + εp 1ð Þ
osc t;τð Þ

� �
+ O ζ2

� �
⋯; with

ε–
p 0ð Þ

tð Þ= ε–o 1−e
−
t
tr

 !
; ε–

p 1ð Þ
0ð Þ = τo

2πtr
; εp 1ð Þ

osc = − ε̃o
τo
2πtr

cos
2π
τo

τ
	 


ð19Þ

Additionally the stress expansion is

σ ζ t;τð Þ = σ– ζ tð Þ + σ ζ
osc t;τð Þ; where

σ–
ζ
= E ε–o− ε–

pð0Þ� �
−ζE ε–

pð1Þ
+ O ζ2

� �
; and

σ ζ
osc t; τð Þ = E ε̃o sin

2π
τo

τ
	 


+ ζEεpð1Þosc + O ζ2
� � ð20Þ

with tr =
g
ȧE

. This solution demonstrates that as long as ζɛoscp(1)→0, the

stress oscillator is elastic and can be obtained from just one cycle of the
simulation. This is a keyassumption in [36,37] and it is trueas long thefirst
order plastic strain ɛosc

p(1) remains relatively small i.e. the oscillations in the
plastic strainarenotexcessive. Foranapplied reversible sinusoidal loading
with amplitude 0.006 and time period of 1 s, the variation of different
orders of the stress oscillator over one cycle is shown in Fig. 2.

The figure shows that the first order stress oscillator contribution is
around 22% of the elastic stress oscillator. Consequently, it cannot be
Fig. 2. Various orders of the stress oscillator in the asymptotic expansion (n=0 is the
elastic stress oscillator).
neglected in the construction of the stress. From Eq. (19), the
amplitude of the first order plastic strain oscillator is proportional to
ε̃o i.e. the oscillatory part of the applied strain. Using the first order
terms inσζ to calculate theR ratio, the following relationship is obtained:

ε̃o≈

1
2

1−Rf g j ε–oj + jε̃jmax

� �
for jR j≤1

1
2

1−1
R

� �
j ε–oj + jε̃jmax

� �
for jR j≥1

8>><
>>: ð21Þ

The normalized amplitude of the plastic oscillator, denoted as

(normalized jεp 1ð Þ
osc jmax = 2πtr

j ε–oj + jε̃jmax

jεp 1ð Þ
osc jmax)is plotted as a function

of R in Fig. 3. Here tr is a material parameter and j ε–oj + j ε̃– jmax is the
maximum absolute value of the applied strain. The maximum value of
the plastic strain oscillator ɛosc

p(1) occurs as R→−1. Therefore the
possibility of large oscillations in the plastic strain increases as R→−1
and hence the stress oscillator does not remain elastic.

The same inference is made for the case ofm=0.02 in Fig. 4, where
again the stress oscillator does not remain constant with progressing
cycles. In addition to changes in the magnitude, there is a change in
the shape of the oscillator waveform as well. This makes it difficult to
obtain a characteristic value (σosc

char) to be used in Eq. (17).
The above study on the use of asymptotic expansion based

methods for multi-time scaling of rate dependent plasticity equations
is helpful for making the following conclusions.

1. Asymptotic expansion of state variables in the viscoplastic
constitutive laws results in the condition that the plastic oscilla-
tions are of O(ζ) or are very small.

2. As a consequence of the negligible plastic oscillations, the stress
oscillator remains elastic and therefore shows very little variation
across cycles. The decoupling between the scales is then achieved
by integrating only the slow varying or low frequency components
like the average response with large time increments. On the other
hand, the fast varying or high frequency components remain the
same across the cycles (stress oscillator) or are negligible (plastic
strain oscillations).

3. In the case of reversible loading, the plastic oscillations are not
negligible and the assumption of asymptotic decay of the
successive terms in the series does not hold. The stress oscillator
is now inelastic and needs to be explicitly solved from cycle to
cycle. As a result, the decoupling that was possible earlier is no
longer accurate, as the high frequency components have to be
explicitly accounted for with progressing cycles.
Fig. 3. Effect of R ratio on the amplitude of plastic oscillator using a normalizing factor
2πtr

jε–o j + jε̃jmax

.



Fig. 4. Comparison of the stress oscillator across different cycles for R=−1. Fig. 5. Comparison of the fine-scale solution with the APTH operator based solution
with different step sizes, for the 1-D viscoplastic problem.
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3.3.2. Methods on homogenization of almost periodic functions
Oskay and Fish [35] have proposed an a-periodic temporal

homogenization (APTH) operator to track the evolution of almost-
periodic variables. Such near-periodicity may arise in constitutive
laws due to irreversibility or damage accumulation. The averaging
APTH operator 〈⋯〉APTH acting on the a-periodic function ϕap(x,t,τ) has
been defined in [35] through a coarse scale differential equation as:

d〈ϕζ
ap〉APTH
dt

= 〈ϕ̇
ζ
ap〉 tð Þ ð22Þ

The fine time scale response of the function denoted by ϕ̃ζ
ap is

defined as:

ϕ̃ap = ϕap t;τð Þ−〈ϕap〉APTH tð Þ ð23Þ

The 1-D viscoplastic model of Section 3.1 can be resolved into a
coupled set of coarse and fine time scale initial-boundary value
problems by using the APTH operator. The equations are solved using
a staggered, global–local, integration scheme. In this adaptive scheme,
coarse scale variables 〈ϕ〉APTH(tn+1) at time tn+1 are updated, while
keeping the fine scale variables at tn i.e ϕ̃n +1 = ϕ̃n. The local, fine
scale initial-boundary value problem is then solved with the updated
values of the coarse variables over the time domain [0,τ].

This global–local method does not make use of the asymptotic
expansion and hence does not suffer from the limitations pertaining to
R→−1. However if the coupling between the two scales is strong, it may
lead to very small time steps in the coarse scale, thus affecting the com-
putational efficiency adversely. This is illustrated for the 1-D viscoplastic
problem in Fig. 5 for the fully reversible loading case R=−1. The results
show increasing instability with higher step sizes (number of cycles
traversed ineach step) in the staggeredapproach. Fig. 5 showsoscillations
in the solution for step size of two cycles, i.e. ΔN=2, while for ΔN=4 it
leads to complete instability. The method does give accurate result for
ΔN=1, but this corresponds to the normal cycle by cycle or fine scale
integration with no computational advantage. In summary, the global–
local approach using the APTH operator suffers from the following
limitations for simulating rate dependent crystal plasticity problems.

1. The inability to solve the entire set of governing equations
(equilibrium and constitutive) in a consistent manner leads to
global–local or staggered approach, where one set of fields are
artificially kept constant while the others are updated.

2. This approach may require unreasonably small time steps to
preserve stability in the crystal plasticity simulations, thus
negating the proposed time advantage due to decoupling.
In this paper, a newwavelet transformation basedmulti-time scaling
method is introduced as a promising alternative to all the time accelera-
tion methods discussed in this section. Unlike some of the conventional
approaches, this method makes no assumption on the periodicity of the
solution or asymptotic behavior of variables. The method is valid under
all conditions of loading including the fully reversible case.

4. Wavelet transformation based multi-time scaling methodology
for cyclic crystal plasticity simulations

The wavelet transformation based multi-time scaling (WATMUS)
methodology for accelerated time integration in crystal plasticity finite
element analyses may be motivated by the viscoplastic response of a
material undergoing cyclic plastic deformation. Shown in Fig. 6(a) is the
evolutionof a ratedependent crystal plasticity statevariable (y), solvedby
the finite elementmethod. Clearly, thematerial response can be resolved
into two time scales, viz. (i) a rapidly oscillating response within each
cycle corresponding to afine time scale τ as shown in Fig. 6(b,c), and (ii) a
slowly varying monotonic response over the entire loading time span as
shown in Fig. 6(d), corresponding to a coarse time scale t. The coarse time
scale in this methodology can be identified with the cycle scale N, and
hence projects a monotonic behavior. Correspondingly, the value of any
given state variable yo at the beginning of a given cycle can be thought of
as a coarse time scale variable. This state variable will not vary in the τ-
scale within each cycle and hence, it can be considered to be purely a
function of the cycle number N, i.e. yo=yo(N) . The objective then is to
obtain a coarse time scale (cycle scale) evolution equation of the form:

dyo

dN
= f yo Nð Þ; εk Nð Þ

� �
ð24Þ

where ɛk(N) are the wavelet decomposed strain coefficients over the
cycle N that is resolved with respect to wavelet basis functions ψk(τ)
in the τ-scale. Note that without the wavelet components ɛk(N), it is
not possible to obtain the right hand side in Eq. (24) and a global–local
approach would have to be used along with its limitations . Thus, any
variable, e.g. the strain can be resolved in a wavelet basis as:

ε x; tð Þ = ε x;N;τð Þ = ∑
k

εk x;Nð Þψk τð Þ ð25Þ

The coefficients ɛk(x,N) depends only on the cycle number N and
the location x in the material microstructure. It is important to note
that the τ-scale basis functions ψk(τ) do not change with cycles N. For
any material variable, the coarse scale behavior is associated with the
cycle numberN and the fine scale behavior with the time scale τ∈ [0,T],



Fig. 6. Decoupling the fine and coarse time scale responses for a chosen viscoplastic state variable under cyclic loading: (a) fine scale solution, (b,c) zoomed in fine scale solution,
(d) coarse scale solution corresponding to the value at the start of a cycle.
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T being the loading period. Equations (24) and (25) can then be used to
delineate the coarse and fine scale behavior of the constitutive
equations. A single integration step of Eq. (24) can traversemany cycles
ΔN, resulting in significant computational efficiency of the algorithm.
The value of ΔN is expected to increase with response stabilization.

The WATMUS methodology introduced in this work requires
appropriate basis functions for temporally resolving the displacement
vector, and the corresponding strain or deformation gradient fields as
in Eq. (25). An ideally chosen set of basis functions should satisfy the
following conditions:

• The functions should be orthogonal, i.e. form a linearly independent set.
• The functions should be able to represent all possible waveforms in
the response variables to a pre-determined resolution.

• The number of coefficients, corresponding to the number of basis
functions used in this representation must be optimally small. This
should hold even as the number evolves with progressing cyclic
deformation.

A spectral basis representation in terms of Fourier series functions
suffer from the following shortcomings:

• The basis functions in a Fourier series have infinite support. The use
of a finite set of Fourier coefficients, while truncating others in the
infinite series, can lead to instabilities in the oscillatory response.
Such instabilities, e.g. the Gibbs phenomenon give spurious
oscillations at regions where the signal is cut-off. This in turn can
lead to inaccuracies in the coarse scale solution.
• The dominant terms, needed to match a response signal, are not
known a-priori in the selection of a finite subset of the infinite Fourier
series. A trial and error process is needed to establish these terms.

It is deemed that a basis of wavelet functions avoids these
shortcomings and hence is considered for the multi-time scale
(WATMUS) approach developed here.

4.1. Brief overview of wavelet basis functions

Wavelet basis functions span the space of square integrable
functions L2(R) through translation and dilation of the scaling
function ϕ(τ) [49,50], which satisfies the following refinement
condition:

ϕ τð Þ = ∑
Nfilt

k=1
hkϕ 2τ−kð Þ ð26Þ

Parameters hk and Nfilt characterize the wavelet basis and
correspond to the components of a low pass filter. Any function in
this space can be expressed as:

f τð Þ = ∑
m

∑
n

Cm;nϕm;n τð Þ ð27Þ

where ϕm;n = 2
m
2ϕ 2mτ−n
� �

with m,n∈Z corresponding to the
dilatation and translation of ϕ respectively. This means that at a



Fig. 7. Daubechies-4 wavelets: (a) Scaling function ϕ, and (b) Mother wavelet ψ.
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certain resolution, the subspace is spanned by translations of the
scaling function in Eq. (26), dilated to that resolution. The scaling
function ϕ(τ) function may be used to produce a multiresolution
analysis in L2(R) using the property:

0f g⊂⋯⊂V−1⊂V0⊂V1⊂⋯Vm⊂Vm + 1⊂⋯⊂L2 Rð Þ ð28Þ

where Vm denotes the subspace of L2(R) at resolution m with the basis
ϕmn. A complimentary space of interest in themultiresolution analysis is
the detail spaceWm, which contains the orthogonal difference between
two consecutive resolutions Vm and Vm+1 i.e. Vm+1=Vm⊕Wm. The
basis functions for this space is generated in a similar manner to that of
Vm, through the translation and dilation of a mother wavelet function
ψ(τ), i.e. Wm = spanfψm;n = 2

m
2ψ 2mτ−n
� �

; m;n∈Zg. The mother
wavelet satisfies a condition similar to Eq. (26):

ψ τð Þ = ∑
Nfilt

k=1
gkϕ 2τ−kð Þ ð29Þ

where gk corresponds to the components of a high pass filter and is
another characteristic of the wavelet basis. In other words the wavelet
basis can be completely represented through the filter coefficients hk
and gk using Eqs. (26) and (29). Filter coefficients for the Daubechies-4
wavelet used in the present work (see [51]) are given as:

h1 =
1 +

ffiffiffi
3

p

4
;h2 =

3 +
ffiffiffi
3

p

4
;h3 =

3−
ffiffiffi
3

p

4
;h4 =

1−
ffiffiffi
3

p

4

g1 =
1−

ffiffiffi
3

p

4
; g2 =

−3 +
ffiffiffi
3

p

4
; g3 =

3 +
ffiffiffi
3

p

4
; g4 =

−1−
ffiffiffi
3

p

4

ð30Þ

These coefficients are obtained from the following considerations:

• Compact support: The Daubechies-4 wavelet has four filter
coefficients (Nfilt=4). This leads to a ϕ(τ) and ψ(τ) with support
[0,3]

• Orthogonality of translation: Scaling functions obtained through the
coefficients hk satisfy ∫−∞

∞
ϕ(τ−k)ϕ(τ− l)dτ=δkl.

• Smoothness: Coefficients are selected so as to have the maximum
number of vanishing moments for a given support (2 in the case of
Daubechies-4 wavelet). This implies that the basis can capture a
linear function exactly.

Using Eq. (26) at discrete points τ=0,1,2,3 in the time scale and
setting to zero the points outside the compact support [0,3] results in
the following equation:

ϕð0Þ
ϕð1Þ
ϕð2Þ
ϕð3Þ

8>><
>>:

9>>=
>>; =

h1 0 0 0
h3 h2 h1 0
0 h4 h3 h2
0 0 0 h4

2
664

3
775

ϕð0Þ
ϕð1Þ
ϕð2Þ
ϕð3Þ

8>><
>>:

9>>=
>>; ð31Þ

One of the eigen-values of the squarematrix on the right hand side
of the above equation may be set to 1, through appropriate choice of
hk in Eq. (30). Correspondingly, the values of the scaling function at
τ=0,1,2,3 are obtained from the eigen-vector and this is used as
starting values in the following recursive relationship once again
obtained from Eq. (26):

ϕ
n
2j

	 

= h1ϕ

n
2j−1

	 

+ h2ϕ

n
2j−1 −1
	 


+ h3ϕ
n

2j−1 −2
	 


+ h4ϕ
n

2j−1 −3
	 


∀ n = 1;2; ⋯;3:2j
; j = 1;2;3; ⋯

ð32Þ

A similar procedure can be obtained for the mother wavelet ψ(τ).
The values so obtained for the scaling function and the mother
wavelet are shown in Fig. 7.
A function, belonging to the space Vm, can thus be split into two
orthogonal components. One of the components belongs to a lower
resolution space Vm−1, while the other to the orthogonal spaceWm−1

that corresponds to the difference signal between the two successive
resolutions. Mathematically speaking

f m τð Þ = ∑
n

〈 f m;ϕm−1;n〉ϕm−1;n + ∑
n

〈 f m;ψm−1;n〉ψm−1;n

= ∑
n

am−1;nϕm−1;n + ∑
n

dm−1;nψm−1;n

= f m−1 + ∑
n

dm−1;nψm−1;n

ð33Þ

Coefficients am−1,n, dm−1,n are called the approximation and the
detail coefficients respectively. The function f m−1 is an approximation
of the function f m at a lower resolution. The same procedure can be
carried out on f m−1 and so on, each time reducing the resolution by
half and generating an additional set of detail coefficients. The final
decomposition, based on Daubechies-4 wavelets consists of only two
approximation coefficients and remaining detail coefficients. The
refinement Eqs. (26) and (29) can be used to connect the basis
functions at the two consecutive resolutions m−1 and m. For the
Daubechies-4 wavelet, this yields:

ϕ 2m−1τ−n
� �

= ∑
4

k=1
hkϕ 2mτ−2n−k

� �

ψ 2m−1τ−n
� �

= ∑
4

k=1
gkψ 2mτ−2n−k

� � ð34Þ
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leading to the connection between the bases:

ϕm−1;n = ∑
4

k=1

hkffiffiffi
2

p ϕm;2n+ k

ψm−1;n = ∑
4

k=1

gkffiffiffi
2

p ϕm;2n+ k

ð35Þ

The approximation coefficients at resolution m−1 can now be
written as:

am−1;n = 〈 f τð Þ;ϕm−1;n〉

= 〈 f τð Þ; ∑
4

k=1

hkffiffiffi
2

p ϕm;2n+ k〉
= ∑

4

k=1

hkffiffiffi
2

p 〈 f τð Þ;ϕm;2n+ k〉

= ∑
4

k=1

hkffiffiffi
2

p am;2n+ k

ð36Þ

Similarly for the detail coefficients at resolution m−1:

dm−1;n = ∑
4

k=1

gkffiffiffi
2

p am;2n + k ð37Þ

The above two relationships can be written in matrix form,
assuming periodic extensions for the coefficients at resolution m as:

am−1

dm−1

� �
=

1ffiffiffi
2

p H
G

� �
am ð38Þ

where:

H
G

� �
=

h1 h2 h3 h4 0 0 ⋯⋯⋯⋯ 0 0
0 0 h1 h2 h3 h4 ⋯⋯⋯⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
h3 h4 0 0 0 0 ⋯⋯⋯⋯ h1 h2
g1 g2 g3 g4 0 0 ⋯⋯⋯⋯ 0 0
0 0 g1 g2 g3 g4 ⋯⋯⋯⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
g3 g4 0 0 0 0 ⋯⋯⋯⋯ g1 g2

2
66666666664

3
77777777775

ð39Þ

The operation in Eq. (38) is similar to the action of a low pass H
filter and a high pass G filter on the original data, yielding the
approximation and detail coefficients respectively. The m−1 level
approximation coefficients can be further decomposed into approx-
imation and detail coefficients at resolution m−2, and can be
successively continued till m=1. The end results are approximation
coefficients at m=1 and detail coefficients at each filtering step The
coefficients are stored in a single array {c} and Table 4 shows the
connection to the projection spaces for m=7.

For all linear operations, the multi-resolution decomposition may
be represented as:

ck = ∑
Nwav

l=1
Tkl f τlð Þ k = 1⋯Nwav ð40Þ

where ck are the wavelet approximation and detail coefficients.
The function is sampled at Nwav(=2m) points in the fine time scale τl.
Table 4
Coefficient numbers and resolution space.

Coeff. c1–c2 c3–c4 c5–c8 c9–c16 c17–c32 c33–c64 c65–c128

Space V1 W1 W2 W3 W4 W5 W6
T(=Tijei⊗ej) is an orthogonal matrix containing the filter coefficients
constructed by repeated application of Eq. (56).

4.1.1. Advantageous wavelet properties
Wavelet functions form excellent bases in the representation of

fine time or τ-scale cyclic response patterns, on account of the
following properties:

• Compact support: Eachwavelet basis has a compact support, i.e. spans
a finite domain. As a result, the wavelet decomposition does not
exhibit spurious instabilities like the Gibbs phenomena, commonly
encountered with Fourier series representations.

• Multi-resolution: For a given resolution of the fine scale response, the
space of basis functions iswell defined and finite, unlike in the Fourier
basis. This implies that it is a-priori possible to identify known set of
wavelet basis functions to represent the fine scale variables in crystal
plasticity analysis under cyclic loading. For the Fourier series, this has
to be found by trial and error.

• Number of coefficients: The number of wavelet terms and coefficients
can be minimized for a known response function. For example, in the
case of dwell or triangular loading, response functions over a cycle
might have segments that are almost linear. This makes the
Daubechies-4wavelets an ideal choice, since they are able to represent
linear behavior exactly with only a few coefficients.

Choice of the optimal resolution in the wavelet representation is
critical both for accuracy and efficiency of the problem solved. The
maximumrepresentative resolution canbeobtained fromtheminimum
time step required to integrate the single time scale problem towithin a
prescribed accuracy. In practice, this is determined from the first few
cycles and the same resolution is retained throughout. This assumption
is valid as long as there is no sudden change in the loading or boundary
conditions in the problem course. For the simulations in the present

work, it was observed that a time step of
1
27 gives a converged solution

for the first few cyclesand therefore has been used.

4.2. Coarse scale evolutionary constitutive relations

Coarse scale constitutive equations of the form in Eq. (24) are
developed in this section. The evolution equation of a state variable y
is assumed to be of the form:

ẏ = f y; ε tð Þð Þ = f y; εk Nð Þ;τ
� �

ð41Þ

where ɛk(N) are knownwavelet coefficients for the applied strain ɛ(t).
Given the initial value yo(N)=y(N,0) for a cycle N and the wavelet
decomposed strain components ɛk(N), the value of y at any fine time
scale point (τ) within the cycle can be expressed as:

y N; τð Þ= y N;0ð Þ+∫τ

0
f y; εk Nð Þ;τ′
� �

dτ′ = yo Nð Þ+∫τ

0
f y; εk Nð Þ;τ′
� �

dτ′

ð42Þ

Continuity of y across cycles with time period T yields the relation
y(N,T)=y(N+1,0)=yo(N+1). Consequently, the coarse time scale
derivative of y can be expressed as:

dyo
dN

= y N; Tð Þ−y N;0ð Þ = ∫T

0
f y; εk Nð Þ;τ′
� �

dτ′ = Yo yo; ε
k

� �
ð43Þ

Eq. (43) represents the rate of change of the initial value of y per
cycle, for which the integral expression is evaluated numerically using
the backward Euler method. A second order implicit backward
difference integration scheme is utilized for integration of this
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equation. A multi-time step formalism is adopted in this scheme,
where the derivative is expressed as:

dyo
dN

N + ΔNð Þ =
a1yo N + ΔNð Þ−a2yo Nð Þ + a3yo N−ΔNp

� �
ΔN

ð44Þ

ΔN and ΔNp are cycle jumps corresponding to the current and
previous steps. The parameters are expressed in terms of the cycle
step ratio r = ΔNp

ΔN
, as:

a1 =
r + 1ð Þ2−1

n o
r + 1ð Þ2− r + 1ð Þ � ; a2 = r + 1ð Þ2

r + 1ð Þ2− r + 1ð Þ � ; a3 = 1
r + 1ð Þ2− r + 1ð Þ �

4.3. Coarse (Cycle) scale crystal plasticity finite element equations

The wavelet transform based multi-time scale (WATMUS) algo-
rithm is applied to the crystal plasticity constitutive models presented
in Section 2. The evolving microstructural variables in the crystal
plasticity constitutive relations (1)–(7) are: Fp, gα, χα. Applying the
methodology discussed in the previous section, the coarse scale
evolution equations for these variables can be expressed as:

dFpoij
dN

= fij Fkij Nð Þ; Fpoij ; gαo;χαo
� �

dgαo

dN
= Gα Fkij Nð Þ; Fpoij ; gαo;χαo

� �

dχαo

dN
= Bαo Fkij Nð Þ; Fpoij ; gαo;χαo

� �
ð45Þ

Here Fijpo is the initial value of plastic deformation gradient, gαo and
χαo are the initial values of hardness and back stress respectively for
slip system α for the cycle N. The right hand side in Eq. (45) is
calculated using the formula in Eq. (43), i.e.:

dFpoij
dN

= ∫T

0
Ḟpij N; τð Þdτ = ∫T

0
∑
α

γ̇αsαoim
α
okF

p
kjdτ ð46Þ

The integral in the numerator of the RHS is evaluated numerically
using the backward Euler method. Once the values of coarse scale
variables are known, the increments of the Cauchy stress Δσ(N,τ) and
other state variables can be computed over the cycle N.

The finite element formulation for the coarse scale equations
introduces wavelet coefficients of nodal displacements as the primary
solution variable, as opposed to nodal displacement components in
conventional FEM. In this formulation, the element displacement field
and the associated generalized nodal displacements of each element
are expressed in terms of the wavelet basis expansion as:

ui X;N; τð Þ = ∑
α

Nα Xð Þqαi N; τð Þ = ∑
α

Nα Xð Þ ∑
Nwav

k
qkαi Nð Þψk τð Þ ð47Þ

where Nα(X) is the shape functions corresponding to the node α, qαi is
the nodal displacement component i for the α-th node in an element,
and qαi

k (N);k=1⋯Nwav are the correspondingwavelet coefficients. The
wavelet coefficients are functions of N and not of τ, i.e. they evolve in
the cycle scale alone. The corresponding wavelet coefficients of the
deformation gradient field are derived to be:

Fkij X;Nð Þ = ∫T

0
δij +

∂ui

∂Xj

 !
ψk τð Þdτ = δij∫

T

0
ψk τð Þdτ+∑

α

∂Nα Xð Þ
∂Xj

qkαi Nð Þ

ð48Þ
4.3.1. Starting procedure for solving the cycle scale problem
Initial conditions of the cycle scale governing equations are

generated by conducting single (fine) scale analysis for the first few
cycles (No≤5). This yields the initial displacement response and the
initial values of the wavelet coefficients discussed in Eq. (29), i.e.

qkαi Noð Þ = ∑
Nwav

l=1
Tklqαi No; τlð Þ k = 1 ⋯ Nwav ð49Þ

qαi
k (No)s are wavelet coefficients of the nodal displacements resolved

over the cycleNo andNwav corresponds to the number of wavelet basis
functions or coefficients. The number of degrees of freedom for the
corresponding finite element problem is then Nd×Nwav, where Nd is
the number of displacement degrees freedom in a conventional single
time-scale FEM problem.

5. Adaptivity for accuracy andefficiency in theWATMUSmethodology

The accuracy and efficiency of the wavelet transformation based
multi-time scaling (WATMUS) methodology depends on two specific
parameters, viz. (i) the number (Nwav) of wavelet bases or
displacement coefficients qαi

k (N) selected in Eq. (47) and (ii) the
step size ΔN or the number of cycles traversed in each increment of
the numerical integration scheme. Optimally, Nwav should be low and
ΔN as high as possible, while keeping the net errors due to waveform
representation and series truncation respectively to under pre-
determined bounds. These criteria are discussed next.

5.1. Evolving and active wavelet basis functions

Retaining all the wavelet basis functions at a given resolution for
representing a response function in Eq. (47)may lead to a large number
of degrees of freedom in the crystal plasticity FEmodel. The efficiency of
theWATMUSmethod can benefit significantly from optimally reducing
Nwav, by incorporating only the active and evolving wavelet bases
required to represent the fine scale cyclic behavior of any state variable.
The following scheme is developed for adaptively selecting those
coefficients that change considerably in time. For a given degrees of
freedom, it divides the total set of wavelet coefficients I αi={qαik |
k=1⋯Nwav} into a set of evolving (I αi

evol) and non evolving (I αi
no−evol)

coefficients respectively, i.e. I αi=I αi
evol∪I αi

no−evol. The division is based
on the following criterion.

I evol
αi = qkαi jqk+1

αi −2qkαi + qk−1
αi N η1C

tol
k ; k = 1⋯Nwav

n o

= q̂kαi jk = 1⋯Nevol
αi

n o
I

non−evol
αi = I αi∖I

evol
αi

ð50Þ

The coefficient Ctol
k = max

2 log2k½ �blb2 log2k½ �+1 cl+1−2cl + cl−1ð Þ is the
maximum value of all coefficients at each resolution and η1 is a
prescribed tolerance. The variation of nodal displacements over a
given cycle can be obtained from its wavelet coefficients using the
orthogonality property of the transformation matrix (see Eq. (56)):

qαi N;τj
� �

= ∑
Nwav

k=1
Tαi
kj q

k
αi Nð Þ j = 1⋯Nwav

= ∑
qkαi∈I evol

αi

Tαi
kj q

k
αi Nð Þ + ∑

qkαi∈I non−evol
αi

Tαi
kj q

k
αi Nð Þ

= ∑
Nevol
αi

k=1
T̂αi
kj q̂

k
αi Nð Þ + qaddαi τj

� �
ð51Þ

The matrix T̂
αi
is constructed from the wavelet transform matrix T

by removing the rows corresponding to the non-evolving coefficients.
The non-evolving coefficients remain constant during an integration
step and is denoted by qaddαi τj

� �
= ∑qkαi∈I non−evol

αi
Tαi
kj q

k
αi Nð Þ.
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The primary solution variables, corresponding to the displacement
degrees of freedom, for the coarse-scale finite element model are q̂

k
αi.

Accordingly, the wavelet coefficient degrees of freedom is
∑Nnodes

α = 1∑3
i = 1N

evol
αi , corresponding to the sum of the number of

evolving coefficients for all the displacement components at all nodes
α. The unknown wavelet coefficients for a cycle are solved using the
standard weak form of the equilibrium equation, decomposed into its
wavelet components and expressed as:

f ki Nð Þ = ∑
Nevol
i

l=1
T̂
i
kl fi N; τlð Þ = 0;

where fi N; τlð Þ = ∫V τlð Þ Bjiσj N;τlð ÞdV−∫St τlð Þ Nji
�t N;τlð ÞdS

ð52Þ

Here Bji and Nji are matrices that respectively relate the element
strain and displacement components to the nodal displacements for
the i-th degree of freedom in a conventional, single time scale FEM
analysis. Furthermore, �t N; tð Þ is the applied load over cycle N. The
change in Cauchy stress σj in the Voigt form over the N-th cycle is
obtained as a function of the nodal displacement components by
solving the coarse cycle scale equations. Eqs. (52) are solved using the
Newton family of nonlinear iterative solvers, for which the Jacobian
matrix is approximated as:

∂f ki
∂q̂lj

= ∑
Nwav

m=1
T̂
i
km

∂fi
∂qj

τmð ÞT̂ j
lm ð53Þ

It is obtained by transforming the fine time scale Jacobian ∂fi
∂qj
, for

geometrically non-linear problems (see [52]) at a point τm, by the
wavelet transformation matrix T. Quasi-Newton non-linear solvers
e.g. in [32] are used for solving the nonlinear equations and the
expression (53) is used asthe initial estimate for the Jacobian matrix.

5.1.1. Procedure for adding and removing wavelet coefficients
Adding and removingwavelet bases for accurate representation of the

response functions is important for optimal convergence of theWATMUS
method. The procedure for adaptively adding and removing wavelet
coefficients qk;k=1⋯Nwav is illustrated with a 1-D problem (Section 6.1).

1. Start with an initial guess on the set of evolving coefficients I evol

based on a selection crietrion. In the case of the 1-D problem the

criterion used is: I evol = k jdqk
dN

≥ctol × max
l
jqlj

� �
and I non-evol=I ∖I evol.

2. Solve the problem for the evolving coefficients:

f k ql
� �

= 0 ∀ k; lð Þ∈ I
evol × I

evol ð54Þ

3. Based on the solution, select the set of coefficients I add to be added
according to the criterion:

I
add = qk jqk∈ I

non−evol and j fk j N ηF

n o
ð55Þ

It implies all non-evolving coefficients, whose residual is greater
than a tolerance ηF given by the maximum value of the converged
residual corresponding to the evolving coefficients, are selected. If
I add≠∅, then I evol=I evol∪I add.

4 Go to Step 1.

This procedure ensures that an appropriate set of displacement
coefficients are selected such that all the wavelet coefficients of the
residual are within a certain tolerance, as opposed to just the ones
corresponding to the evolving set. This in turn guarantees that the
error in the displacement coefficients remain bounded as a conse-
quence of the lemma discussed below.
Lemma 1. Let qexact
k denote the exact solution for the wavelet coefficients

and qk be the solution obtained by the dual time WATMUS framework
procedure for the cycle N by solving only in I evol. Then

jqkexact−qkj≤Nwav max
p∈I

jK−1
kp ξð Þj max

l∈I
j fl j ∀ k∈I ð56Þ

where Kij =
∂f i
∂q j

and ξk∈(qk,qexactk ).

Proof. Using the Taylor expansion of f k about qk:

f k qexactð Þ = f k qð Þ + ∑
Nwav

l=1

∂f k

∂ql
ξð Þ qlexact−ql
� �

ð57Þ

with ξl∈(ql,qexactl ). Note that the dual time scale procedure solves
f k=0 for qk∈ I evol. The exact solution however needs to satisfy:

fk qlexact
� �

= 0 ∀k; l∈I ð58Þ

Assuming the solution is unique, Eq. (57) can be used to obtain:

qkexact−qk = ∑
Nwav

l=1
K−1
kl ξð Þfl; where Kkl =

∂f k

∂ql
ð59Þ

The Cauchy Schwarz inequality yields:

jqkexact−qkj≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑
Nwav

p=1
K−1
kp

� �
2

vuut ‖f‖ ð60Þ

This completes the proof as:

jqk−qkexact j≤Nwav max
pεI

jK−1
kp ξð Þjmax

lεI
jflj ∀ k∈I ð61Þ

Numerically, it has been observed that |Kkp
−1|b1. Thus, the above

lemma ensures that the error in all wavelet coefficients remain
bounded even when solving with a reduced set I evol, as long as the
error in all the residuals belonging to I remain bounded.

The procedure developed can be combined with a criterion for
removing coefficients to obtain the optimal set of evolving coeffi-
cients. Coefficients whose cyclic rate of change is less than a pre-set
tolerance (ηdel) are removed from I evol i.e.

I non−evol = I non−evol∪fqk j jqkðNÞqkðN−ΔNÞ j =ΔN≤ηdel max
I evol

jql jg
I

evol = I 5 I
non−evol ð62Þ

This yields the new set of evolving coefficients.

5.2. Coarse (Cycle scale) integration step size control

The step size in the integration of cycle scale equations
corresponds to the number of cycles traversed in each increment of
the numerical integration scheme. An optimal step size is estimated in
theWATMUSmethod from a truncation error criterion in conjunction
with the residual of the equilibrium equation. For the implicit second
order backward difference scheme in Eq. (44), the truncation error
criterion is derived from the truncation of second order terms in the
Taylor's expansion of avariable yo as:

δyo =
1
6
j d3y
dN3

r + 1ð Þ2− r + 1ð Þ3
r + 1ð Þ2−1

jΔN3 ð63Þ
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where r = ΔNp

ΔN
is the ratio of the previous to the current step size. The

relative error, plotted as a function of r in Fig. 8, shows that the error
decreases asymptotically as r increases.

The norm of the error that is propagated to the equilibrium
residual δf from the constitutive level truncation error (63), is derived
as:

δf = δferrΔN
3
;

where δ ferr =
1
6
max

el

‖∫Vel

BT ∂σ
∂Fpo

r + 1ð Þ2− r + 1ð Þ3
r + 1ð Þ2−1

d3Fpo

dN3 dV‖ ð64Þ

Eq. (64) accounts for the effect of the local constitutive error on the
global equilibrium equations in the coarse scale problem. For the error
to be bounded by a prescribed relative tolerance η, the maximum
allowed cycle step jump ΔNjump is estimated as:

ΔNjump≤
6η ferr
δ ferr

	 
1
3
; where ferr = ∑

el ‖∫Vel BT ∂σ
∂Fpo dV‖ ð65Þ

6. Numerical examples solved with the WATMUS algorithm

The wavelet transformation based multi-time scaling (WATMUS)
methodology is applied to study the cyclic response of a one
dimensional viscoplastic problem and a three-dimensional rate
dependent crystal plasticity problem discussed next.

6.1. 1-dimensional elastic–viscoplastic problem

TheWATMUS methodology is applied to study cyclic response of a
1-D elastic–viscoplastic bar introduced in Section 3. The bar is fixed at
the left end and is subjected to a sinusoidal loading at the right end
with frequencyω=2π, i.e. period T=1 s. Variables in Eq. (10) that are
integrated using the second order backward difference algorithm in
Eq. (44) are the initial values of the plastic strain (ɛpo) and hardness
(go). For the 1-D problem, the algorithm is written as:

f const = a1αo N + ΔNð Þ−a2αo Nð Þ + a3αo N−ΔNp

� �
−ΔN

dαo

dN
N + ΔNð Þ = 0

where αo =
εpo

go

( ) ð66Þ

Derivatives in Eq. (66) are calculated using Eq. (43). The Newton–
Raphson nonlinear solver is used to calculate αo(N+ΔN) from
Fig. 8. Variation of truncation error εtrunc =
εp0integ−εp0exact

εp0exact
with step size ratio r.
Eq. (66). The only unknown displacement in the model is that of
node 2 (between the two elements), which is decomposed into its
wavelet coefficients. The equilibrium equation, resolved in the
wavelet basis, over a cycle step at N+ΔN is:

f k N + ΔNð Þ = ∑
Nwav

l=1
T̂kl σ1 N + ΔN;τlð Þ−σ2 N + ΔN:τlð Þ½ � = 0; k = 1⋯Nevol

ð67Þ

where σi corresponds to the stress in element i andNevol is the number
of evolving displacement coefficients. The criterion for the maximum
integration step-size is obtained similar to Eq. (65).

6.1.1. Jacobian matrices for solving the viscoplastic equations
Jacobian matrices for the constitutive level and equilibrium level

iterations for the 1-D model are derived here. The evolving state
variables during the cycle N+ΔN are:

α N + ΔN; τð Þ = εp N + ΔN;τð Þ
g N + ΔN; τð Þ

� �
ð68Þ

The corresponding coarse time variables are denoted as:

αo N + ΔNð Þ = α N + ΔN;0ð Þ = εp N + ΔN;0ð Þ
g N + ΔN;0ð Þ

� �
= εpo N + ΔNð Þ

go N + ΔNð Þ
� �

ð69Þ

Coarse scale derivatives of these variables are obtained from
Eq. (61) as:

dαo

dN
N + ΔNð Þ = α N + ΔN; Tð Þ−α N + ΔN;0ð Þ

= α N + ΔN;τNwav

� �
−α N + ΔN;0ð Þ

ð70Þ

where Nwav is the number of fine-scale points used to sample the
displacement field at node 2. With a known value of αo, the backward
Euler method is applied to the integral Eq. (43) to obtain αNwav from
Eq. (10) as:

αk = αk−1 + α̇kΔτ ⇒
εpk
gk

( )
=

εpk−1

gk−1

( )
+

ȧΔτjσk

gk j
1
msign σkð Þ

hjεpk−εpk−1j

8>><
>>:

9>>=
>>;

ð71Þ

The subscript k refers to the variable evaluated at fine-scale point
τkwith k=1⋯Nwav, andΔτ = 1

Nwav
. Linearization of the above equation

yields:

dαk = Akdαk−1 +
EBγ = gk
hsign σkð Þ

( )
dεwhere

Ak =
∂αk

∂αk−1
= I−

−EBγ =gk −Bγσk =g
2
k

hsign σkð Þ 0

2
4

3
5

0
@

1
A−1

×
1 0

−hsignσk 1

" #
and Bγ =

ȧΔτ
m jσg j1m−1

ð72Þ

For iteratively solving the constitutive level equations, the applied
strain is kept fixed, i.e. dɛk=0 for all k. Applying chain rule to Eq. (72)
yields the relation:

dαk

dαo
j
ε
= ∏

k

l=0
Al with A0 = I; k = 1⋯Nwav ð73Þ



Fig. 9. Evolution of coarse scale variables as a function of cycles (N): (a) initial plastic
strain for element 1 with ΔNmax=277, (b) initial hardness for element 1 with
ΔNmax=25.
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Linearizing the constitutive residual Eq. (66) and substituting into
Eq. (70) results in:

df const = bγdαo−ΔNdαNwav
where bγ = a1 + ΔNð Þ ð74Þ

Substituting Eq. (73) into the above equation yields the Jacobian
for the iterative solution of the constitutive relations as:

dfconst

dαo
= bγI−ΔN ∏

Nwav

l=0
Al ð75Þ

For calculating the Jacobian in the iterative solution of the
equilibrium equation, it is linearized with respect to the node 2
displacement coefficients. In this case, the applied strain is perturbed
as:

dεk = ∑
Nevol

l=1
T̂ lkdq̂l ð76Þ

where T̂kl are components of the wavelet transformation matrix in
Eq. (49) and q̂l are the evolving displacement coefficients at node 2.
Substituting Eqs. (72) and (73) into Eq. (76) yields:

∂αk

∂ q̂
=

∂αk

∂αo
j
ε

∂αo

∂ q̂
+ Ak

Bγ E = gk
hsign σkð Þ

� �
T̂1k ⋯ T̂Nevolk

h i
ð77Þ

The constitutive relations are assumed to be satisfied during
equilibrium iteration. consequently, setting df const=0 yields the
relation:

dαo =
ΔN
bγ

dαNwav
ð78Þ

This is used along with Eq. (77) for k=Nwav to obtain:

∂αo

∂ q̂
= I− ΔN

Tbγ

∂αNwav

∂αo
j
ε

 !−1

ANwav

Bγ E = gk
h sign σNwav

� �( )
T̂1Nwav

⋯ T̂NevolNwav

h i
ð79Þ

Eqs. (77) and (79) are now used to obtain the rate of change of the
state variables αk at a fine time-scale point τkwith respect to the nodal
wavelet coefficients, i.e.

dαk

d q̂
=

dεpk
d q̂

dgk
d q̂

8>>>><
>>>>:

9>>>>=
>>>>;

ð80Þ

This is then used along with the linearized equilibrium Eq. (67) to
obtain its Jacobian as:

∂f i

∂qj
= 2Eδij + E ∑

Nwav

l=1
T̂ il

∂εpl
∂qj

j
elem2

−∂εpl
∂qj

j
elem1

 !
ð81Þ

6.1.2. Results of cyclic loading simulation of the 1-D viscoplastic bar
problem

The 1-D viscoplastic bar model, described in Section 3 is subjected
to a fully reversed (R=−1) sinusoidal loading for 2000 cycles. The
WATMUS method is used to integrate the problem in coarse cycle
scale and the results are compared with those obtained from a single
(fine) time-scale analysis, both with respect to accuracy and
efficiency. The effects of (i) evolving wavelet coefficients of nodal
displacements that are adaptively chosen for a tolerance ctol, and
(ii) the maximum allowed step size (number of cycles), on the
solution are also investigated.

Three displacement tolerances, viz. ctol=10−10, 10−4, and 10−3

are considered for selecting the number of coefficients that are
expected to evolve during the loading process. The tolerances result in
128, 30 and 10 initial coefficients respectively, which can evolve freely
with deformation. For each of the three tolerances, four different
bounds on the maximum cycle step size ΔNmax in Eq. (65) are
considered. The step size for a coarse scale integration increment is
assessed as ΔN=min(ΔNjump,ΔNmax). The value of η in Eq. (65) is set
to be 10−3. Fig. 9 shows the variation of the coarse scale variables (ɛpo

and go) as functions of the number of cycles N.
Once the coarse scale variables (ɛpo and go), alongwith the wavelet

displacement coefficients are known for a given cycle N, the fine scale
response for that cycle can be calculated by superimposing the
wavelet bases according to in Eq. (42). This is shown in Fig. 10, in
which the plastic strain response over the 2000th cycle is obtained
from the coarse scale solution. The fine scale response is plotted for
different step bounds ΔNmax and for different number of evolving
coefficients q̂. Excellent agreement is observed between the coarse
scale and the single (fine) time-scale results, except for the case with



Fig. 10. Reconstructed profile of the fine-scale plastic strain response at the 2000-th
cycle for different values ofΔNmax, constructedwith: (a) 128wavelet coefficients, (b) 30
wavelet coefficients, and (c)10 wavelet coefficients. ΔNjump obtained from Eq. (65).

Table 5
Effect of step size ΔN and number of coefficients q̂ on error and efficiency at Nf=2000.

Coefficient tolerance ncoeff ΔNmax
∥εpcoarse Nwav; τð Þ−εpfine Nwav; τð Þ∥

∥εpfine Nwav;τð Þ∥ ð%Þ Speedup

10−10 128 25 0.336 29
10−10 128 50 2.544 43
10−10 128 100 4.11 58
10−10 128 255 8.11 67
10−4 30 25 1.05 35
10−4 30 50 1.89 53
10−4 30 100 3.73 72
10−4 30 277 6.87 84
10−3 10 25 232.4 36
10−3 10 50 230.8 57
10−3 10 100 229.8 74
10−3 10 214 230.8 83
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very few (∼10) evolving wavelet coefficients which suffers from a
significant error regardless of the refinement in the time step as seen
from Fig. 10(c). This is due to the fact that there are not enough basis
functions available to represent the displacement response accurately,
regardless of the time step. However the accuracy increases rapidly,
and the difference in response between reconstructions with 30 and
128 evolving coefficients is minimal. This justifies the development of
the criterion in Section 5.1.1 that can yield an optimal number of
evolving coefficients during the loading process while retaining
accuracy. Table 5 shows the effects of the number of coefficients on
the computational speed up and accuracy, compared with the single
(fine) time-scale analysis. A computational speedup of approximately
80 times is obtained with comparable accuracy for this problem.
Results in the table demonstrate that the number of coefficients used
in the solution plays a crucial role in the accuracy of the solution. To
ensure that all the required coefficients are included during the
loading process, the criterion developed in Section 5.1 especially in
Eqs. (54) and (55), is utilized for the problem. The starting list of
coefficients are obtainedusing ctol=10−3. Note thatwhile coefficients
chosen based on ctol alone can give large errors, substantial
improvement in accuracy can be achieved through the implementa-
tion of the adding–removal algorithm in Section 5.1.1. The results of
this adaptive procedure are illustrated in Fig. 11(a) and and (b).
Excellent agreement is observed with the fine scale results. The
corresponding number of selected evolving coefficients is shown in
Fig. 11(c).

6.2. 3D crystal plasticity FE simulation under cyclic loading

The WATMUS methodology is used in this example to simulate
cyclic deformation of the Ti-6Al alloy using the 3D crystal plasticity
finite element (CPFE) model discussed in Section 2. A model problem
of a polycrystalline microstructure is developed, consisting of 27 cubic
grains with different crystallographic orientations. Each grain is
subdivided into 27 brick elements resulting in a total of 729 elements
for the CPFE model. Euler angles, corresponding to the crystallo-
graphic orientation distribution for the model are depicted in Fig. 12.
Material parameters for the crystal plasticity model are provided in
Section 2. The model is subjected to cyclic loading with a mean stress
of 500 MPa, together with a superposed oscillatory portion with a
peak of 350 MPa and time period of T=1 s. To start the problem with
appropriate values of cycle-derivatives, a fine-scale simulation of the
CPFE model is carried out for the first 6 cycles. Thereafter, the coarse-
scale WATMUS method is commenced. The starting value of cycle
jump is taken as ΔNjump=2, while the subsequent cycle steps with
loading is obtained from the criterion in Eq. (65) with η=10−2. The
Daubechies-4 wavelet basis is used to decompose the nodal
displacement components in each cycle according to Eq. (47). The
value of η1 in Eq. (50) is set to 10−3 in the present simulations. This
criterion selects coefficients from regions having rapid fluctuations in
values of the response functions and those that are most likely to
change as the problem progresses leading to a total of 116,521



Fig. 11. Effect of adaptive wavelet coefficient inclusion: (a) coarse scale plastic strain
as a function of cycle number N, (b) reconstructed plastic strain response with
ΔN=min(100,ΔNjump) at the 2000-th cycle, and (c) number of evolving coefficients
with increasing cycles N.

Fig. 12. Euler angle distribution for the 729 element crystal plasticity FE model.

Fig. 13. Coarse scale evolution of plastic deformation gradient Fpo as a function of cycle
number N.
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coefficients with an average of 39 coefficients per degree of freedom
for the present problem. Due to the computational cost, the Jacobian
matrix is factored at the start of the simulation and is used as the
initial Jacobian estimate for every iteration cycle of the quasi-Newton
method solution of the equilibrium equations. This is observed to be a
good estimate due to the monotonic response of the evolving
displacement coefficients.

The simulation is run for only 1000 cycles, so that results can be
compared with results from computationally exhaustive single (fine
scale) simulations. Fig. 13 shows a comparison of the cycle-scale
plastic deformation gradient Fpo by coarse and fine time-scale
simulations at a typical material point in a grain as a function of the
number of cycles. The results of the two methods are indistinguish-
able for the range considered. The state of stress σzz in the
microstructure along the loading direction at the 1000th cycle is
shown in Figs. 14 and 15 for both coarse and fine time scale
simulations. As is observed, the coarse time scale and fine time-scale
results are in excellent agreement with each other.

Once the coarse scale variables for a given cycle are known, the fine
scale response over that cycle can be reconstructed as shown in
Fig. 16. A computational time advantage of approximately 7 times is
observed for the current problem. The predicted cycle jump ΔNjump

from Eq. (65) is expected to increase as the problem progresses due to
stabilization of the response, resulting in even higher computational
savings.

7. Conclusions

This paper develops a novel wavelet transformation based multi-
time scaling (WATMUS) method for crystal plasticity finite element
simulations of cyclic deformation in polycrystalline materials leading
to fatigue failure. The need for the multi-time scaling is motivated by
the large number of cycles that may be required to initiate a fatigue
crack in a polycrystalline sample. Simulating such large number of
cycles remains intractable to conventional single time scale finite



Fig. 14. Stress (σ33) contour for 729 element crystal plasticity by: (a) multi time-scale
simulations and (b) fine time-scale simulations.

Fig. 15. Variation of stress along the diagonal of the model cube (729 element case).

Fig. 16. Reconstructed value of the initial plastic deformation gradient (F33p ) at the
(a) 20th cycle and (b) 1000th cycle.
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element analysis. The unique aspect of the proposed method is that
the algorithm does not require inherent scale separation as with other
conventional methods that assume averaging, periodicity or near
periodicity. These methods are particularly severely limited in the
fully reversed or nearly full reversible range of loading conditions.

The WATMUS methodology introduces wavelet decomposition of
nodal displacements and all associated variables in the finite element
formulation to decouple the response into a monotonic coarse cycle-
scale behavior and a oscillatory fine time scale behavior within each
cycle. Multi-resolution wavelet bases functions are effectively able to
capture the rapidly varying fine scale response, which necessitates
very small time steps in conventional single time scale FEM
simulations. An effective criterion is developed for selecting an
optimal number of wavelet coefficients in the representation of all
response functions in the crystal plasticity simulations. The wavelet
transformation is utilized to obtain the coarse scale evolution
equations for the microstructural state variables. A novel finite
element framework required to incorporate these coarse scale
equations is also developed. The coarse scale variables exhibit
monotonic behavior, that especially stabilizes with saturating hard-
ness at higher levels of deformation. Relatively large increments,
traversing several cycles at a time, can therefore be utilized in the
numerical integration scheme with significantly enhanced efficiency.
The present numerical simulations exhibit approximately 80–100
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times speed-up, even with relatively low number of cycles. Subse-
quently, fine scale variations in temporal response at any point in a
microstructural point can be recovered from values of the nodal
displacement wavelet coefficients and the coarse scale state variables
at that point. Such fine scale information on microstructural state
variables is often required in predicting crack nucleation in the
microstructure [13,14,28]. The cyclic response of a 1-D viscoplastic
model under fully reversible loading conditions and a representative
3-D crystal plasticity model with cyclic loading conditions are studied
using the WATMUS method. The results are in excellent agreement
with that of single time scale FEM simulations, while obtaining several
fold improvement in the computational time. The overall WATMUS
scheme is currently being implemented for predicting fatigue crack
nucleation in real metallic materials under field loading conditions.
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