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Research SummaryLarge Datasets in Materials Science, Part I

How would you…
…describe the overall signifi cance 
of this paper?

This paper considers the problem of 
computational estimation of mate-
rial properties from knowledge of 
microstructure. Applications include 
materials design, accelerated 
insertion of materials, durability es-
timates, and quantifying variability 
of properties, among others.

…describe this work to a ma-
terials science and engineering 
professional with no experience in 
your technical specialty?

The problem of property estimates 
based on microstructure character-
ization is critical for design of next-
generation materials. Moreover, 
certain properties depend on aver-
age microstructure, while others 
depend on extreme values. Both are 
considered in this work.

Representation and Computational 
Structure-Property Relations of 
Random Media 
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 Recent trends towards integrated 
computational materials engineering 
(ICME) demand increasing reliance 
on modeling and simulation to esti-
mate microstructure-property relations 
of materials with random microstruc-
tures.

INTRODUCTION

 Digital representation of random mi-
crostructure and predictive computa-
tional structure-property relations over 
a range of realistic microstructures are 
key enabling technology elements to 
support integrated computational mate-
rials engineering (ICME).1 The essence 
of ICME is concurrent design of prod-
ucts and the materials which comprise 
them. This is achieved by linking mate-
rial models at multiple length and time 
scales corresponding to the hierarchy 
of material structure to address prob-
lems relevant to specifi c products and 
applications. ICME builds on earlier 
initiatives such as DARPA Acceler-
ated Insertion of Materials (AIM)2 and 
is consistent with the report of the Na-
tional Science Foundation Blue Ribbon 
Panel on Simulation Based Engineer-
ing Science3 regarding the need to more 
fully integrate modeling and simulation 
within the curriculum of engineering to 
tackle a wide range of interdisciplinary 
and multiscale/multiphysics problems. 
Moreover, computational microstruc-
ture-property relations are a key ingre-
dient to any strategy to support design 
of materials to meet a specifi ed range 
of performance requirements.4–6

 The basic notion is to generate digi-
tal microstructures, or their equiva-
lent, in suffi cient detail to estimate the 
dominant microstructure-response re-
lations of interest for a given material 
system and application. For example, 
the ability to represent realistic distri-

butions of distinct grains and second 
phase particles or intercalating phases 
in metallic alloys, particles or fi ber 
reinforcement phases in metal matrix 
or polymer matrix composites, and so 
forth enables computational estimates 
of the statistical distributions of a wide 
range of responses relevant to system 
performance. We use the qualifi er “es-
timates” here to emphasize that as-
sumptions are made in any simulation 
that idealize or simplify reality, wheth-
er in terms of geometric representation 
of microstructure, phase properties, or 
interactions of defects within and be-
tween phases. We seek models that are 
framed at the lowest relevant scale with 
the degree of refi nement necessary to 
predict collective response at higher 
length and time scales in a manner 
suitable for the particular goal or end 
application. Such estimates potentially 
serve multiple goals in the context of 

ICME:
 • Designing new materials
 • Modifi cation and enhancement of 

existing materials for improved 
performance

 • Accelerating insertion of new ma-
terials

 • Quantifying variability of mate-
rial performance

 • Estimating durability of material 
systems

 • Facilitating feasibility studies on 
potential payoff of new material 
systems in products 

 The mix of goals depend on the ap-
plication; details of the microstructure 
representation and simulation of mate-
rial responses differ in degree of rigor 
and/or investment, for example, when 
considering “what if” games for add-
ing value by introducing new materials 
versus strategies for improving existing 
materials or developing more accurate 
and robust life prediction schemes for 
already fi elded material systems. In 
all cases, it is important to account for 
dominant mechanisms that affect the 
material response at multiple levels of 
hierarchy. Applications often require 
control of properties or responses in 
multifunctional/multiphysics realms 
of physical and chemical properties, 
structural, mechanical, electronic, ther-
mophysical, electromagnetic, phase 
change, etc. In the interest of brevity 
and specifi city, this article focuses on 
mechanical properties and responses 
of polycrystalline, polyphase metallic 
material systems. 

SCALE TRANSITIONS AND 
RVE FOR RANDOM 

MICROSTRUCTURES

 Recent advances in microstructure 
characterization (e.g., x-ray micro-to-
mography, automated serial sectioning, 



JOM • March 201146 www.tms.org/jom.html

three-dimensional (3-D) atom probe) 
have demonstrated the viability of ac-
curately capturing the 3-D details of 
the microstructure in selected regions 
of the sample at various length scales. 
There are three essential elements of 
modeling and simulation to support the 
goals discussed in the previous section. 
These include (1) geometric represen-
tation in digital or other discrete form 
of material structure attributes at mul-
tiple levels of spatial resolution (such 
as individual phases, mesoscopic spa-
tial arrangements, and the scale of the 
application), (2) constitutive equations 
for individual phases and interfaces/in-
terphases (kinematics, thermodynam-
ics, and kinetics), and (3) a multiscale 
modeling framework. Item (1) includes 
all relevant spatial correlations of mi-
crostructure or mesostructure attri-
butes.
 An heuristic principle often fol-
lowed is that the highest degree of 
resolution for a given problem is es-
tablished by the scale of microstruc-
ture attributes over which control can 
be exerted through material process-
ing or alteration to modify the desired 
responses. For example, for tailoring 
elastic anisotropy and yield strength of 

polycrystalline alloys through texture 
control, the finest scale of resolution 
is typically that of individual grains. 
In contrast, the traditional approach of 
materials selection in design typically 
takes a much different approach that 
focuses on bulk material properties, 
perhaps normalized by density in light-
weight designs.6 The identification of a 
minimum length scale of resolution for 
a given problem serves as a the starting 
point for framing the constitutive rela-
tions in point (2) and multiscale model-
ing framework in point (3). 
 Element (3) on multiscale modeling 
requires some perspective.4–6 No single 
strategy is suitable or best for all cases. 
Concurrent schemes in which multiple 
length and time scales are bridged 
seamlessly and simultaneously are 
computationally intensive since they 
involve simulations with variable reso-
lution over the same spatial domain. 
They are typically framed in terms of 
direct numerical simulation (DNS) 
of microstructure, often employing 
the same numerical scheme cast in 
multi-resolution format. Hierarchical 
schemes are less intensive and either 
consist of distinct simulations at differ-
ent length scales of the microstructure 

hierarchy or pass information upward 
in scale using handshaking or formal 
homogenization methods; hierarchical 
schemes can make use of radically dif-
ferent model frameworks and degrees 
of freedom at different scales, for ex-
ample particle dynamics as in atom-
istic modeling of interfaces or defects 
at scales on the order of tens of nano-
meters, discrete dislocation models for 
line defect interactions at scales on the 
order of hundreds of nanometers, or 
continuum crystal plasticity models for 
responses of grains or phases at scales 
on the orders of several micrometers 
and above. In certain cases, a concur-
rent multiscale strategy may be desir-
able since it can track damage localiza-
tion and growth across scales.7

This article focuses on scale transi-
tions between two levels of hierarchy 
to arrive at effective properties or re-
sponses, based either on DNS or on 
influence function methods to account 
for interactions of microstructure het-
erogeneity. Regardless of the multi-
scale modeling strategy, the concept of 
a statistically “representative volume 
element” (RVE) is foundational to 
computational estimates of structure-
property relations. The concept of a 
RVE was introduced by Hill8 as a mi-
crostructural subdomain that is repre-
sentative of the entire microstructure in 
an average sense. It depends on micro-
structure and property/response of in-
terest. In short, an RVE encompasses a 
large enough volume of microstructure 
such that the predicted responses or 
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Figure 1. (a) Optical micro-
graph of a fiber-reinforced 
composite microstructure; 
(b) computer simulated 
microstructure tessellated 
into Voronoi cells showing 
microstructural regions of 
different size as candidate 
SERVEs, and (c) conver-
gence of ||EH|| for windows 
of increasing size.
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properties do not change with further 
increase of size; therefore, it represents 
all statistical moments of the micro-
structure-property relations. Simulat-
ing at the scale of the RVE is a rather 
stringent requirement. From a practical 
viewpoint, each response of interest 
may have a different RVE size. Proper-
ties that depend chiefly on higher order 
spatial statistics of microstructure at-
tributes (e.g., extreme values of largest 
grains or particles, most severe interac-
tions of particles or phases, etc.), such 
as ductility or high cycle fatigue, have 
potentially much larger RVE sizes than 
properties that depend mainly on lower 
order moments of microstructure spa-
tial arrangement, such as elastic stiff-
ness or thermal conductivity.9 Some 
authors use the term “statistical volume 
element” (SVE) to designate a random 
sample of microstructure that is too 
small to satisfy the statistical homo-
geneity requirements of the RVE for a 
given response function. In this case, a 
collection or set of SVEs must be simu-
lated to build up the ensemble statistics 
required to capture suitably high order 
moments of a desired response distri-
bution. The nature of applied boundary 
conditions also influence the issue of 
convergence towards RVE response.10

With these definitions in mind, 
we shall make use of both RVEs and 
SVEs. To emphasize that the size of 
the RVE depends on spatial statistics of 
microstructure, a Statistically Equiva-
lent RVE (SERVE) is identified as the 
smallest volume element of the micro-
structure for which (i) the effective ma-
terial properties of the SERVE should 
be equivalent to those of the entire mi-
crostructure, (ii) the spatial distribution 
functions of microstructure attributes 
should be equivalent to those for the 
overall microstructure, and (iii) cor-
responding responses are independent 
of location within the overall micro-
structure and applied stress state. Vari-
ous statistical descriptors have been 
proposed to characterize and classify 
microstructures based on the spatial 
arrangement of heterogeneities.11,12 In 
early work, Willis13 proposed a two-
point probability measure to arrive at 
statistically equivalent RVEs for com-
posites with random variations in the 
microstructure. In practice, the size 
of the SERVE based on individual re-

sponses or properties may vary, since 
they are dominantly affected by differ-
ent moments of the spatial distribution 
of microstructure attributes;11 for ex-
ample, elastic stiffness is insensitive to 
higher order moments involving phase 
shape or spacing, while plastic strain 
localization and damage evolution14 are 
sensitive to these higher order moments 
and hence require larger SERVEs. 

ESTIMATING THE RVE 

 Identification of the SERVE is often 
based on effective moduli of a micro-
structural region subjected to non-ho-
mogeneous boundary conditions (e.g., 
periodic).15–17 As shown in Figure 1, 
windows of identical volume fractions 
but increasing size and number of in-
clusions may be sequentially analyzed 
for evaluating the components of the 
homogenized elastic stiffness tensor. 
The SERVE size is established through 
convergence of the Frobenius norm 
||EH|| of these components at different 
locations of the micrograph.
 Another method of evaluating the 
SERVE is based on use of marked cor-
relation functions M(r) introduced in 
Reference 18 for providing multivari-
ate characterization of the microstruc-
tural phase distribution. A mark is an 

assigned state variable field with a 
strong connection to the specific me-
chanical or failure properties and re-
sponses in question. The marked cor-
relation functions correlate these fields 
in the microstructure to delineate the 
region of influence in a heterogeneous 
neighborhood. It is expressed in terms 
of the derivatives of relevant state vari-
ables and geometric distribution func-
tions as Equation 1. (All equations are 
shown in the table.)

  

 In Equation 1, m
i
 represents a mark 

associated with the ith inclusion and m 
is the mean of all marks. For observa-
tions within a finite window of area A, 
the variable r is a measure of the radial 
distance of influence and N is the total 
number of inclusions. Further, H(r) is 
the mark intensity function and K(r) is 
a second-order intensity function, de-
fined in References 15–18. A declining 
value of M(r) indicates reduced cor-
relation between elements of the mi-
crostructure, and therefore serves as a 
useful metric for the estimation of the 
SERVE for a random microstructure 
with respect to a property or response 
of interest. Figure 2a shows results with 
a mark taken as the average traction at 
points on the fiber-matrix interface that 
experience the highest tensile normal 
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Figure 2. Comparison of M(r) for (a) 
applied unit macroscopic normal and 
shear strains, and (b) marks of geo-
metric function and maximum interfa-
cial traction, respectively.
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components. It compares the distribu-
tion of M(r) for three different applied 
uniaxial macroscopic strains. The line 
M(r)=1 corresponds to a uniform dis-
tribution of fibers with identical mark. 
With increasing r, the local anisotropy 
in the mark diminishes and all three 
plots converge to depict the same trend 
for M(r). The radius of convergence for 
all the cases is approximately 18 mm, 
with a SERVE containing about 50 
fibers. The SERVE estimating marks 
may also be based purely on geomet-
ric or morphological attributes of the 
microstructure, especially for linear 
elastic problems. A weighted mark 
in terms of geometric parameters that 
contribute to microstructural damage 
has been constructed in References 16 
and 17. The mark associated with the 
kth inclusion is defined in Equation 2, 

where S
i
k are geometric parameters 

characterizing the local distribution 
and w

i
 are the assigned weights. Spe-

cifically, S
1
k is a measure of the normal-

ized local area fraction (LAF)k, S
2

k is a 
normalized measure of the inverse of 
near-neighbor distance (IND)k, and S

3
k 

is a normalized measure of the number 
of near-neighbors (NN)k (see Equation 
2).
 Clearly, a myriad of possibilities 
exist for such assignment of marks. 
Figure 2b shows a comparison of M(r) 
from the geometric function in Equa-
tion 2 with that from maximum traction 
at the interface. While at lower r val-
ues, M(r) for the geometric function is 
lower, the convergence pattern is simi-
lar for both cases. Both approach unity 
at around the r

p
 ~ 18 mm. It is estimated 

that a window size of twice the radius 

(i.e., 36 mm), containing about 50 fibers 
can be considered as the SERVE.15,17

As an alternative estimator, distri-
bution functions of critical variables 
in a sub-domain have been compared 
with those for the entire microstruc-
ture in References 16 and 20 to es-
timate the SERVE size in random 
microstructures. An example of the 
critical variable with regard to strength 
and ductility is the traction acting on 
inclusion-matrix interfaces, which is 
a precursor to interfacial debonding. 
Estimation of the SERVE entails ex-
tracting volume elements (SVEs) of 
increasing sizes from the micrograph 
with the phase volume fractions match-
ing the entire microstructure, followed 
by micromechanical analysis of the 
boundary value problems subject to 
periodic boundary conditions and ap-
plied strain states. A critical interfacial 
fraction (CIF) is defined as the ratio of 
l
tc
 (interface length for which the trac-

tion exceeds a critical value Tc) to the 
total length of all interfaces l

me
. The 

plotted distribution of CIF as a func-
tion of Tc for SVEs of increasing size 
are compared with that for the entire 
microstructure. The smallest element 
for which the two distributions match 
provides an estimate of the SERVE for 
this response function. The use of the 
indicators such as coefficient of varia-
tion of area fraction, two-point cor-
relations, as well as marks based only 
on geometry point to the conclusion 
that, for problems without significant 
microstructure damage evolution or 
phase rearrangement due to inelastic 
deformation, the SERVE may be es-
timated only using spatial statistics of 
microstructure without having to solve 
micromechanics problems via DNS or 
other schemes.
 Estimating the SERVE for micro-
structures with evolving damage is a 
more involved and complex exercise 
since the evolution of stresses and 
strains are affected by the distribution 
of evolving damage in the microstruc-
ture as well.15,17 Even when the micro-
structure is geometrically uniform, ini-
tiation and progression of damage can 
result in a SERVE that is considerably 
larger than that for a stationary, non-
evolving microstructure. Approaches 
similar to those used for the undam-
aged material are used to evaluate 
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Figure 3. SERVE size for imposed 
strains in normal directions and 
shear based on convergence of the 
(a) secant stiffness tensor, (b) M(r) 
function, and (c) critical interfacial 
fraction distribution.



Vol. 63 No. 3 • JOM 49www.tms.org/jom.html

SERVE for heterogeneous microstruc-
tures undergoing damage, specifically 
interfacial debonding. The assigned 
mark is the inverse of the magnitude 
of the tensile traction at the debonding 
fiber-matrix interface, over the length 
of the non-debonded or intact portion 
of interface. Since the tractions are ex-
pected to increase with decreasing dis-
tances between inclusions, the inverse 
of the traction achieves a positive cor-
relation between marks and distances. 
At any given stage of damage evolu-
tion, the largest micro-region obtained 
by various approaches may be regarded 
as the instantaneous size scale of the 
SERVE. 

The optical micrograph in Figure 1 
is again examined with evolving in-
terfacial damage due to normal and 
shear applied unit strains.16,17 Interfa-
cial damage is modeled using cohesive 
zone models. Results of convergence 
of the secant stiffness tensor for the 
three loading conditions are shown in 

Figure 3a. The SERVE size changes 
with increasing damage. The SERVE 
size increases at a much slower rate for 
the case of imposed shear strain than 
for imposed normal strain due to the 
extent of damage, which is a function 
of the cohesive law parameters. 
 For the marked correlation function, 
the radius of convergence r

p
 monotoni-

cally increases with damage evolution 
in the microstructure. The SERVE size 
at the terminal strain is ~62 mm, which 
is almost 1.7 times higher than for the 
undamaged interface. The rate of in-
crease in SERVE size in Figure 3b is 
again is found to be similar for the ap-
plied normal strains, but is slower for 
the shear strain. Finally, for the CIF dis-
tributions, Figure 3c depicts the change 
in the SERVE size with the evolution 
of damage from the distribution func-
tions of critical variables. Ghosh et al.21

have similarly evaluated the SERVE 
for metals and alloys subject to evolv-
ing plastic deformation that contain 

a dispersion of heterogeneities (e.g., 
particulates, intermetallics, or voids in 
their microstructure); these studies in-
dicate that a mark associated with the 
micromechanical plastic work W

p
 at 

each location within the microstructure 
can provide the means to identify the 
SERVE for a given random microstruc-
ture. 

n-POINT STATISTICS AND 
WEIGHTED  
RVE SETS

 A very general approach to math-
ematical representation of random 
microstructures is afforded by n-point 
correlations or n-point statistics,11,22 a 
rigorous framework defining the spa-
tial relations of “local states” in the mi-
crostructure. The local state is denoted 
by h, and is regarded as an element of 
the local state space H that identifies 
the complete set of distinct local states 
(microstructure attributes) that can 
be sampled at a selected length scale. 

Figure 4. Illustration of the construction of a 3-member RVE Set comprised of weighted SVEs for an experimentally characterized precipitate 
microstructure.24

RVE Set

       50  100 150  200 250
(Pixels)

         0.384                                  0.310                                  0.306
250

200

150

100

50

             200           400          600           800         1000        1200
Target Microstructure

900

800

700

600

500

400

300

200

100

   –100          –50             0              50           100
(Pixels)

   –100         –50             0              0            100
(Pixels)

100

50

0

–50

–100

(P
ixe

ls
)

0.22

0.2

0.18

0.16

0.14

0.12

0.1

0.08

0.06

100

50

0

–50

–100

(P
ixe

ls
)



JOM • March 201150 www.tms.org/jom.html

For example, at the scale of individual 
grains (i.e., crystals), the local state 
may be characterized by the thermody-
namic phase, the elemental composi-
tion of the phase, and the crystal lattice 
orientation. It is therefore important to 
recognize that the definition of the local 
state and the corresponding local state 
space is inherently tied to the length 
and time scales salient to the physics of 
the phenomena being modeled. 
 The n-point correlations provide 
a hierarchy of statistical measures of 
the microstructure. The simplest of 
these are the 1-point correlations, fh , 
which essentially reflect the probability 
of finding local state h at a randomly 
sampled point in the microstructure. 
The phase volume fractions, which do 
not capture any spatial information re-
garding the microstructure, are prime 
examples of 1-point statistics. Expand-
ing on this basic concept, the 2-point 
correlations, denoted f

r
hh¢ , capture 

the probability density associated with 
finding local states h and h¢ at the tail 
and head, respectively, of a prescribed 
vector r randomly placed into the mi-
crostructure. With the advent of CCD 
cameras, SVEs are typically captured 
as digital images composed of a two-
dimensional (2-D) or three-dimension-
al (3-D) array of discrete pixels or vox-
els. Consider one such SVE where each 
pixel is indexed, s = {1, 2, . . ., S}. For 
mathematical manipulation, it is con-
venient to represent the characterized 
SVE as a digital array m

s
h , which de-

notes the volume fraction of local state 
h at pixel s. The 2-point correlations 
for a given sample are commonly esti-
mated as Equation 3 where the brackets 
< > indicate ensemble averaging over a 
number of SVEs. In the notation used 
here, both s and r are treated as vectors. 
The 3-point and higher-order correla-
tions are defined in an analogous man-
ner. Equation 3 is readily identified as 
a discrete convolution and is best com-
puted by exploiting the well known 
convolution properties of the discrete 
Fourier transforms (DFTs). There is a 
tremendous leap in the amount of mi-
crostructure information contained in 
the 2-point statistics compared to the 
1-point statistics. Many of the com-
monly used microstructure metrics, 
such as the average grain or precipitate 
size and shape, and the grain boundary 

character distribution, can be recovered 
from appropriately defined 2-point sta-
tistics and their related measures.11,22,23

It is often desirable to identify a sta-
tistically representative microstructure 
that corresponds to the ensemble aver-
aged statistics computed using Equa-
tion 1 (ideally extracted from multiple 
SVEs or at least from a very large mi-
crostructure dataset). An instantiation 
of a microstructure that is large enough 
to correspond to complete ensemble-
averaged statistics constitutes the RVE, 
as discussed earlier. This definition of 
a RVE can differ substantially from the 
approach taken in Figure 1c based on 
convergence of homogenized elastic 
stiffness via DNS. It is often impossi-
ble to reconstruct a single microstruc-
ture in a small window that accurately 
reflects the ensemble-averaged 2-point 
statistics computed on multiple SVEs 
(or equivalently on a very large SVE 
or RVE). Computationally, it is signifi-
cantly much simpler to identify a set 
of weighted SVEs with the weighting 
optimized to match the ensemble av-
eraged statistics to desired accuracy. 
These sets of optimized weighted SVEs 
are referred to as RVE Sets.24 Figure 4 
shows an example of the construction 
of a three-member RVE Set for an ex-
perimentally characterized two-phase 
precipitate microstructure. The ele-
ments of the RVE Set were constructed 
such that the weighted average of the 
2-point statistics of the three elements 
(weights shown on top of the RVEs) is 
in excellent agreement with the 2-point 
statistics obtained from a very large 
scan (top left), as seen in the plots on 
the right. This construction was further 
validated by the observed match in a 
number of elastic and plastic proper-
ties/responses for the RVE Set against 
the corresponding properties/responses 
for the large microstructure dataset.24

These n-point statistics can be in-
serted naturally into the higher-order 
homogenization schemes used to pre-
dict macroscale effective properties of 
a heterogeneous material system. Such 
relations are often achieved through 
perturbation expansions.22,25,26 The 
Green’s function (or more generally, 
influence function) solution used in 
these methods provides a natural link 
between terms of the series expansion 
and correlation functions that contain 

different orders of geometrical infor-
mation. As a further extension of this 
approach, one may focus on the local 
material response as determined by 
the Green’s function rather than the 
homogenized response. Such an ap-
proach may be used as the basis of 
microstructure design to optimize per-
formance related to failure criteria that 
are concerned more with local than 
with global response. A localization 
tensor arises naturally in the Green’s 
function approach, and benefits from 
the same approach as taken with the 
homogenization relations mentioned 
above.27 Furthermore, calibration tech-
niques may be combined with the spec-
tral methods to result in very accurate 
and fast computation of the localization 
tensors.28,29 Moreover, n-point statistics 
can be matched using simulated an-
nealing or other methods to reconstruct 
SVEs for DNS to obtain a wide range 
of properties/responses for stationary 
and evolving microstructures, the latter 
involving processes such as plasticity 
and damage. In all cases, it is hypoth-
esized that responses computed using 
the RVE set will correspond to that 
of the RVE for a given microstructure 
and response(s) of interest. Significant 
computational advantage is afforded by 
using such weighted SVEs since com-
putational time increases in a highly 
nonlinear manner with size of the SVE 
(see also References 30, and 31). 
 It is also noted that for responses such 
as minimum high cycle fatigue lifetime 
or minimum true fracture ductility that 
depend on higher order moments of 
spatial statistics (e.g., minimum spac-
ing, maximum size of two adjacent 
particles or grains, etc.), the weighted 
RVE set can be extracted from marked 
correlation functions using “hot spots” 
of plastic strain intensification obtained 
from DNS of SVEs as the marks.32 In 
this way, attention is focused on the tail 
region of the probability distribution of 
the effective response rather than the 
lower moments of the distribution. In 
general, the RVE is untenably large for 
such extreme value responses to con-
sider DNS at the RVE scale as an op-
tion.

CONCLUSION

 The use of microstructure attribute/
geometry-based indicators such as 
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coeffi cient of variation of area frac-
tion, two point correlations, and marks 
based on geometry indicates that for 
certain problems without damage, 
the SERVE can be estimated without 
having to solve the micromechanics 
problem. The continual increase in the 
SERVE size in the microstructure with 
evolving damage provides grounds for 
its restricted use in homogenization 
schemes that utilize RVEs for evaluat-
ing constitutive models at the continu-
um level; the concept of RVE sets may 
provide a viable option for such cases. 
The general utility of n-point statistics 
is considered as a basis for effi cient and 
fairly general methods to character-
ize microstructure-property relations. 
Although not addressed here for the 
sake of brevity, experiments play a piv-
otal role by providing insight into key 
mechanisms to be addressed in consti-
tutive modeling at the microstructural 
level, as well as properties of individual 
phases. Moreover, the responses of in-
terest must be experimentally validated 
for selected microstructures.
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