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Molecular Dynamics (MD) simulations are often used for comprehending evolving deformation mecha-
nisms in materials at the atomic scale and also for assessing continuum-scale material properties. A
major limitation of conventional MD simulations is that very small MD time-scale (� fs), restrict the
achievable strain-rates to be much higher (� 107 or higher) than experimentally observed rates, needed
for continuum scale modeling, e.g. using crystal plasticity finite element methods. A strain-boost hyper-
dynamics method based accelerated MD tool is adopted and developed to overcome these limitations.
This method biases the atomic system to make it evolve at much faster time-scales and achieve strain-
rates that are at least three order of magnitude smaller than the lowest strain-rate achievable in MD.
The hyperdynamics algorithm is implemented in a parallel version of LAMMPS, and validated with con-
ventional MD. It is then used to predict evolution of plastic state variables at lower strain-rates for a
Nickel single crystal with an embedded atomistic crack. It is shown that at lower strain-rates, not only
the evolution of plastic variables are different, but for some configurations there is a shift in the plastic
deformation mechanism from twin dominated to dislocation dominated.

� 2016 Elsevier B.V. All rights reserved.
1. Introduction

Deformation and failure behavior of metals inherently couple
multiple spatial scales ranging from the atomic scale of defects
and deformation mechanisms such as dislocations and twins to
the continuum domains of grains and polycrystalline aggregates.
Modeling the evolution of defects such as cracks and voids, their
associated deformation mechanisms and interactions, often
requires understanding and representation at the atomistic scales.
Spatial and temporal coarse-graining of the atomistic behavior are
subsequently needed to propose plasticity and damage constitu-
tive relations at the continuum scale of single crystals. Molecular
dynamics (MD) is one of the most effective simulation tools cur-
rently in use to investigate the behavior of many materials at ato-
mistic scale. With increasing computational power, large scale
atomistic simulations are routinely being conducted with several
million or even billion atom systems, e.g. in [12,40] to study defor-
mation and fracture in metallic systems. MD simulations have
been used to study deformation mechanisms due to crack tip plas-
ticity at finite temperatures in [37,38]. In [39] simulations have
been conducted at very low temperatures, thus eliminating any
thermal activation and investigating only stress driven processes.

MD simulations used to study fatigue and failure are often faced
with serious limitations in realizing experimental strain-rates. The
typically achieved MD time-scales are in the nano- (ns) to micro-
seconds (ls) range, corresponding to atomic vibrations with time-
period in the order of pico-seconds (ps). Temporal resolutions
required in the solution of the dynamical systems using incremen-
tal time-integration algorithms, limit the time-steps to be of the
order of femto-seconds (fs). Even with today’s powerful computing
platforms, this limits the maximum physical time to the micro-
second (ls) range. Correspondingly, in the study of deformation
mechanisms in a deformable body, one is compelled to use very
high strain-rates of � 107 or even higher to achieve strains of
any physical significance. Thermal activation of stress-driven pro-
cesses like nucleation of dislocations and microtwins make the
mechanical behavior of materials temperature and strain-rate
dependent. Very high strain-rates in conventional MD simulations
can result in very different activation regimes compared to those in
laboratory experiments. This leads to the activation of different
temperature and strain-rate dependent deformation mechanisms
like surface mediated dislocation nucleation [41]. High strain rate
based MD simulations of fcc single crystal containing a crack in a
certain orientation predicts a twin dominated deformation under
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mode-I loading, whereas room temperature experiments under
similar loading do not show any twinning. This anomaly between
experimental and simulation results has been attributed to the
strain-rate effects in [36] where it has been shown that there is a
transition from crack-tip twining at short times to full dislocation
formation at long times.

Various acceleration methods have been proposed in the litera-
ture to mitigate limitations of extremely small time-scales in
MD simulations. These include the parallel replica dynamics or
PRD method [30,35], the temperature accelerated dynamics or
TADmethod [27], and the hyperdynamics [33]. The hyperdynamics
is one of the most effective time acceleration methods for predict-
ing the temporal evolution of atomic systems. It has been used to
study thermally activated nucleation processes like adaton diffu-
sion on a substrate in [33] and also to investigate the stress driven
thermally activated process like dislocation nucleation from sharp
corners of a nanopillar in [8] and an atomic crack-tip in [3].

In the present work, the hyperdynamics-based accelerated MD
method has been extended beyond the nucleation events to study
deformation mechanisms in the plastic regime and quantify the
evolution of plastic variables, which can be used in continuum
based material models such as dislocation density-based crystal
plasticity. The structure of the paper is as follows. A brief descrip-
tion of different time-scale acceleration methods are given in Sec-
tion 2. In Section 3 different aspects of the hyperdynamics method
are discussed with special focus on strain-boost hyperdynamics.
Particular emphasis is on the construction of a boost potential with
evolving parameters, as well as their implementation and valida-
tion. Finally in Section 5.2, a comparative study of the strain-rate
effect is presented using high strain-rate conventional MD and
low strain-rate hyperdynamics-based accelerated MD simulations.
2. Methods of time-scale accelerated molecular dynamics
simulations

Various methods have been developed in the literature to
achieve longer physical time-scales in MD simulations. A few of
the important methods suitable for time acceleration of driven
solid state systems are briefly discussed in this section.
Fig. 1. Schematic illustration of the hyperdynamics method. The solid line
corresponds to the original system potential, while the biased potential is shown
with the dashed line.
2.1. The parallel replica dynamics (PRD)

The parallel replica dynamics or PRD method [35] is a simple
yet accurate method that is based on the fact that most atomic pro-
cesses are statistical in nature. It is based on the assumption that
ensemble averaging over more micro-states is equivalent to
exploring the system for longer time durations. This is achieved
by temporal parallelization of the simulations over multiple pro-
cessors, where individual processors run a replica of the sample
independent of each other. This is in contrast with conventional
parallelization, where the computational model is spatially dis-
tributed among multiple processors. The total number of micro-
states explored in the PRD simulation process is sum from all the
processors. Hence the accumulated simulation time ðtphyÞ is related
to MD time of the individual ith replica ðtiMDÞ as:

tphy ¼
Xi¼S

i¼1

tiMD � StMD ð1Þ

where S is the total number of replicas and tMD is the average time.
It is obvious that the level of acceleration that can be achieved is
approximately proportional to the number of processors (or repli-
cas) used.
2.2. The temperature accelerated dynamics (TAD)

The temperature accelerated dynamics (TAD) [27] is a method
of accelerating the time evolution of an atomic system, based on
the observation that at finite temperatures an atomic system
spends a substantial amount of time in the local potential well.
Individual atoms vibrate with respect to their equilibrium position
until an atom or a cluster of atoms acquire sufficient energy to
overcome the local energy barrier and move to an adjacent poten-
tial well. The process continues until the system finds the global
potential well. Material behavior is controlled by processes that
are mainly stress driven and/or thermally activated. Thermally
activated processes, which correspond to transition of a system
from one local potential well to another, are inherently tempera-
ture dependent. Thus, the rate of this transition increases with
temperature as the thermal energy available to overcome the
energy barrier increases. To accelerate these transitions, simula-
tions are performed at elevated temperatures but also by eliminat-
ing any spurious transition that does not occur at the original
temperature. The speed-up or boost SUTAD that is achieved by this
method is expressed as:

SUTAD ¼ exp Emin
1

KbTlow
� 1
KbThigh

� �� �
ð2Þ

where Emin is the minimum energy barrier for state to state transi-
tion, Tlow is the temperature at which the original MD simulation is
intended, Thigh is the elevated temperature at which the MD simula-
tion is actually performed, and Kb is Boltzmann constant. A major
challenge with this method is to come up with an appropriate cri-
terion for filtering out the spurious transition, and extrapolating
the state to state transition rate from an elevated temperature
Thigh to a lower one Tlow.

2.3. Hyperdynamics (HD)

A very efficient way of accelerating the transition from one
potential well to another for an atomic system had been proposed
with the hyperdynamics or (HD) method in [34]. This method is
based on lifting the basin of the potential-well or biasing the local
potential landscape as shown in Fig. 1. A boost potential is added to
the original system potential shown with the solid line to lift the
potential well. The biased potential shown with the dashed line
makes state to state transition more frequent i.e., at an accelerated
pace. Time evolution of the biased system and the unbiased system
can be related using the Transition State Theory (TST) [6,29,31].
From the TST and equilibrium statistical mechanics based
ensemble-averaging it can be shown that time evolution of the
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atomic system under biased potential is related to the MD time
step as:

Dtphy ¼ DtMDexp
DVb

KbT
ð3Þ

where Dtphy is the actual time evolved for an incremental MD time
of DtMD; DVb is the boost potential applied to bias the system, T is
simulation temperature and Kb is Boltzmann constant. A compre-
hensive mathematical construction of this method may be found
in [16,34].

The most challenging task in this method is to construct the
boost potential that will provide sufficient time acceleration, con-
sistent with the TST. A general form of the boost potential is given
as:

DVðrÞ ¼ F
Nb

X
dVi ð4Þ

where dVi is the boost potential applied to the ith atom and Nb is the
total number of atoms to be boosted. F is a stopping function that
will drive the boost potential to zero as the system approaches
the dividing surface, such that the assumption of hyperdynamics
will not be violated. A number of methods have been proposed to
construct appropriate boost potentials that will provide sufficient
boost with minimal computational cost, e.g. in [8,11,20]. A strain-
boost hyperdynamics formulation, proposed in [8], is adopted in
the present study. In this model, the second invariant of the devia-
toric local atomic strain (addressed as the von-Mises shear strain
invariant) is used to construct the boost potential. A major advan-
tage of this approach is that the local atomic strain is a bond angle
sensitive local geometric variable, which better reflects the condi-
tion of the nearest-neighbor atomic shell than the bond length
alone [8]. This method is discussed in Section 3.

Other sophisticated methods have also been developed for
more complicated systems. Among these, the most widely used
are metadynamics [17,18], thermodynamics integration [5],
umbrella sampling [13,14], multicanonical ensemble [4], etc. These
methods are most suitable to study more complicated systems,
e.g., reaction mechanism of different molecular systems in the liq-
uid phase, conformational changes of long molecular chains in
solution, protein folding, protein–protein interaction, phase transi-
tion, etc. In metadynamics, the system is adaptively biased by iter-
ative injection of a small Gaussian potential, which is a function of
carefully chosen collective state variables. A major advantage of
this method is that history dependent bias prevents the system
from visiting those part of the phase-space, which it has already
explored. By injecting a smaller Gaussian potential successively,
the free energy of the system can be estimated with high accuracy.
In thermodynamics integration [5] the transition is accelerated by
constraining the reaction coordinates at different values in multi-
ple windows and forcing the system to sample along a line perpen-
dicular to the reaction coordinate. Special care has to be taken to
constrain the reaction coordinate in an energy-conserving manner.
Contrary to thermodynamics integration, in umbrella sampling
[13] the reaction coordinate is not constrained in multiple win-
dows, but rather pulled to a target value by using appropriate bias
potential [14].

These methods will be most suitable if the free energy of the
system is not known a priori. Such cases arise when the system
of interest is complicated and transition of interest is preceded
by many non-interesting events manifested by local potential
wells. In contrast, the problem investigated here includes plastic
deformation of crystalline material, where the event of interest is
very precise i.e., nucleation of dislocations. The energy barrier cor-
responding to that transition can be estimated by some trial MD
simulation with much smaller system size. This is discussed in
Section 3.2.
3. Strain boost hyperdynamics

The boost potential used in the present study is a function of the
second invariant of the least-square atomic strain, as given in [42].
With this augmentation, Eq. (4) takes the form:

DVðrÞ ¼ FðgMises
max Þ
Nb

X
dViðgMises

i Þ where ð5aÞ

dViðgMises
i Þ ¼ Vmax 1� gMises

i

qmax
c

� �2
" #

ð5bÞ

Here gMises
i is second invariant of the local atomic strain gi of the ith

atom and gMises
max = max gMises

i ; i ¼ 1;2; . . . ;Nb

� �
, where Nb is the num-

ber of boost atoms. dVi is boost potential, which is a function of
gMises
i ðrÞ. FðgMises

max Þ is the stopping function that enforces the hyperdy-
namics assumptions on the boost potential at transition. The fol-
lowing form of stopping function is used in this study.

F gMises
max

� 	 ¼ 1� gMises
max
qmax
c


 �2
; 8gMises

max < qmax
c

0 8gMises
max P qmax

c

8<
: ð6Þ

The cardinal ingredient in constructing both the boost potential
and stopping function is the atomic strain. The procedure to com-
pute local atomic strains from given atomic configurations is dis-
cussed next. Consider two configuration of an atomic system, one
at time t ¼ 0 denoted as the reference configuration x0

i and other
at time t designated as the current configuration xi. The separation
vector of an atom i with it’s neighbor j in the reference configura-
tion and current configuration are respectively written as:

d0
ji ¼ ðx0

j � x0
i Þ and dji ¼ ðxj � xiÞ ð7Þ

For this discrete system, the objective is to realize a function Ji that
maps the vector from the reference to current configuration, i.e.

d0
ji !

Ji dji 8 j 2 Ni ð8Þ

where Ni is the set of all neighbors of ith atom. In [42] the function Ji
is determined in a least-square sense by minimizing the total map-

ping error (
PNi

j¼1ðd0
jiJi � djiÞ

2
). This minimization leads to a functional

form of tbe deformation gradient for a discrete system as:

Ji ¼ V�1
i Wi ð9Þ

where

Vi ¼
XNi

j¼1

d0T
ji d

0
ji and Wi ¼

XNi

j¼1

d0T
ji dji ð10Þ

Upon evaluation of the deformation gradient Ji matrix, the Lagran-
gian strain gi for a discrete system may be constructed as:

gi � ðJiJTi � IÞ ð11Þ
where I is the identity matrix. For a frame-invariant boost potential
that is independent of reference frame, its construction uses the
second invariant of the deviatoric part of gi, given as:

gMises
i �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
Trðgi � ghydro

i IÞ2
r

ð12Þ

where Tr is the trace and ghydro
i is the hydrostatic part of the gi. The

atomic strain-based boost potential construction requires two
parameters Vmax and qmax

c in Eqs. (5) and (6). Details on how to
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calculate these parameters for a specific material are discussed in
Sections 3.2 and 3.3.

An important prerequisite of hyperdynamics is to make the
boost potential dVi go to zero on all dividing surfaces, as the system
approaches a saddle point for the transition from one local poten-
tial well to another as shown in Fig. 1. A method of finding these
saddle points of the potential surface is by calculating the gradient
vector gið¼ @V=@xiÞ and the Hessian matrix Hijð¼ @2V=dxi@xjÞ. Here
x is 3N dimensional vector where N is the number of atoms in the
system [34]. Solving for gi ¼ 0 will give all the extremums of the
energy surface. Of these points, the one for which the Hessian
matrix has one negative eigenvalue belongs to the saddle point.
However, a problem with this approach is that the energy surface
is not known a priori. Additionally, finding all solutions of gi ¼ 0 for
a 3N dimensional potential energy function, and the eigenvalues of
the corresponding Hessian matrix Hij is a computationally expen-
sive process and almost intractable for large systems.

A consideration used to overcome this problem is that, when-
ever a system passes through the saddle point for a transition from
one local potential well to another, it undergoes some major con-
figurational change in the atomic system involving at least one
atom and it’s nearest neighbors. Consequently, any state variable
that reflects this configurational change can be used as an indicator
of the transition. The critical value of this indicator can be used as a
threshold beyond which the boost potential will be forced to zero.
In the present study, the stopping function FðgMises

max Þ in Eq. (6) serves
this purpose, where qmax

c is the critical value of gMises
max . Fig. 2 shows

the evolution of potential energy and gMises at T = 2 K for a typical
atom in the ensemble during the nucleation of a leading partial dis-
location at approximately 252 ps into the simulation.

Substantial changes in the magnitude of gMises at the onset of
nucleation makes it a perfect indicator of the transition. An alter-
nate indicator, proposed for bond-boost hyperdynamics in [20], is
the critical bond length. Whenever a tagged bond crosses some
critical length, the system is considered to be on the verge of a
transition from the current potential well to an adjacent one. In
the present analysis, the aim is to investigate dislocation domi-
nated crack tip plasticity. For this problem, the strain-boost model
is chosen over the bond-boost method since dislocation nucleation
is a collective behavior of an atomic cluster. The local atomic strain
is a better collective variable, which involves at least one atom and
it’s nearest neighbors in comparison with the maximum bond
length between an atom and it’s neighbor. Noteworthy in this dis-
cussion is the fact that twin nucleation and twin-boundary propa-
gation involves sequential nucleation of leading partials on parallel
slip planes.
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Fig. 2. Time evolution of potential energy and gMise
3.1. Hyperdynamics for driven systems

The original development of hyperdynamics in [33] was for
non-driven systems, where the potential energy of the system
and energy barrier between states remain unchanged. This renders
the TST rate to remain constant throughout the simulation for both
the biased and the original systems. The ratio of these two rate
constants is interpreted as the acceleration in time-scale due to
the applied bias and is quantified in the form of a boost factor.
For a driven system examined in present study, the TST rate at
two different strain states are different. However for a carefully
chosen boost potential, the ratio of the TST rate for the biased sys-
tem and the original system can remain unchanged throughout the
simulation. This means that the applied macroscopic strain influ-
ences the TST rate of both the biased and original systems in same
manner. This implies that for two consecutive time steps t1 and t2
with macroscopic strains �1 and �2, even though

KTST
A!B


�1
– KTST

A!B


�2

and KTST
Ab!B


�1
– KTST

Ab!B


�2

ð13Þ

the following relation still holds:

KTST
Ab!B

KTST
A!B


�1

� KTST
Ab!B

KTST
A!B


�2

ð14Þ

The notations used have the same meaning as in [33]. Conse-
quently, the criterion to be satisfied is,

KTST
Ab!B

KTST
A!B


�1

¼ KTST
Ab!B

KTST
A!B


�2

ð15Þ

From the relations in [33],

KTST
A!B ¼ j vA j dAðrÞh iAb

ebDVbðrÞh iAb

ð16Þ

The numerator in the right hand side is the TST rate constant under
a biased potential. This renders Eq. (16) to be

KTST
A!B ¼ KTST

Ab!B

ebDVbðrÞh iAb

; ) KTST
Ab!B

KTST
A!B

¼ ebDVbðrÞ� �
Ab

ð17Þ

Substituting Eq. (17) in Eq. (15) yields:

ebDVbðrÞ
� �

Ab


�1

¼ ebDVbðrÞ
� �

Ab


�2

ð18Þ

For constant temperature, the parameter b ¼ 1
KBT


 �
remains

unchanged throughout the simulation. So, for Eq. (18) and
250 252 254 256 258 260
step (in ps)

250 252 254 256 258 260

step (in ps)

s of a typical atom in the ensemble at T ¼ 2 K.
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consequently Eq. (15) to hold, the applied boost potential has to be
independent of macroscopic strain �, i.e.

DVbðrÞj�1 ¼ DVbðrÞj�2 ð19Þ
In the present study it is observed that the effect of the macro-

scopic strain is more prominent on gMises
max than on gMises

i . For the
strain boost hyperdynamics, the effect of gMises

max on the boost poten-
tial comes through the construction of a stopping function given in
Eqs. (5) and (6). To mitigate this effect of macroscopic strain, the
parameter Vmax is monitored using the value of stopping function
to keep the strength of the bias close to the activation free energy
of nucleation. This procedure is discussed in details in Section 3.2.

It is also noteworthy that classical statistical mechanics-based
ensemble averaging, which is used to relate the MD-time (DtMD)
with physical time (Dtphy), (see Eq. (3)), can only be applied for
thermally equilibrated systems. However, many problems of inter-
est in mechanics of materials are not only thermally activated, but
stress driven as well. One prime example is the nucleation of dis-
locations or gliding of existing dislocations, when a critical
resolved shear stress is exceeded. One approach to keep the system
near thermal equilibrium is to use a stepped loading in lieu of con-
tinuous ramped loading [15] and apply hyperdynamics using the
instantaneous near-equilibrium system potential corresponding
to the non-driven segment of the loading. In the present study,
the system is far from equilibrium only when dislocation nucleates
and continues until it reaches a stable configuration, or when dis-
locations in a stable configuration start gliding again due to the
buildup of resolved shear stress to a critical value. During these
far from equilibrium system-states, hyperdynamics is not acti-
vated, to comply with the method’s basic assumptions. Other than
these two non-equilibrium scenarios, the system mostly deforms
elastically under quasi-equilibrium conditions. Furthermore, the
system is forced to near-equilibrium states by imposing the macro-
scopic strain using affine transformation.

3.2. Determination of Vmax

The parameter Vmax in Eq. (5b) is an important determinant of
the maximum achievable boost and in turn temporal acceleration
of the MD simulations. It should be high enough to give sufficient
boost, while not creating any extra local potential well of signifi-
cant depth. Rearranging Eqs. (5a), (5b) and (6) yields,

DVðrÞ ¼ S
Nb

X
1� gMises

i

qmax
c

� �2
" #

8gMises
max < qmax

c

¼ 0 8gMises
max P qmax

c

ð20Þ

where

S ¼ Vmax 1� gMises
max

qmax
c

� �2
" #

ð21Þ

S is termed as strength of the bias. In general, at the onset of transi-
tion, S should be of the order of the potential barrier height that an
atom has to overcome to initiate any nucleation. This will also guar-
antee that there will be no extra potential well created inside the
original one near the dividing surface. A qualitative assessment of
this barrier height (0.2 eV for present study at 300 K) can be
obtained by monitoring the time evolution of potential energy of
a typical atom as it participates in the nucleation process, as shown
in Fig. 3. It can be seen that after repeated failed attempts for which
gMises touches the gMises

max ¼ 0:9qmax
c line, the atom acquires sufficient

thermal energy at � 324 ps to overcome the potential barrier and
nucleate a leading partial dislocation. Every material has its own
characteristic potential barrier height corresponding to the event
of interest. Once the barrier height is obtained, Vmax can be calcu-
lated using Eq. (21) as:

Vmax ¼ S

1� gMises
max
qmax
c


 �2� � ð22Þ

with known gMises
max . In the present implementation Vmax is adjusted

during the simulation based on the average value of gMises
max . The

running time average of gMises
max is calculated based on the last 5000

MD-steps. For example, if the average gMises
max is 0:5qmax

c , for the
strength of bias ðSÞ to be same as the potential barrier height i.e.,
0.2 eV, Vmax is set to be 0.2667. This process of continuousmonitoring
of Vmax guarantees that the instantaneous boost potential will never
exceed the activation free energy of nucleation. It is noteworthy that
gMises
max is the maximum value of gMises among all atoms that are

boosted. Of these atoms, the identity of the most critical atom keeps
changing with the progress of simulation. Fig. 3 shows the time evo-
lution of potential energy and gMises of one such atom. For the system
studied, it is observed that at the onset of transition, the critical
atoms frequently visit the state corresponding to gMises � 0:9qmax

c .
The instantaneous boost potential for that particular atom, corre-
sponding to this state, is 0.0380 eV (from Eq. (20) with S = 0.2 eV).

Determination of the optimal Vmax is crucial. Higher Vmax will
lead to a wrong conversion of the MD time ðDtMDÞ to the physical
time ðDtphyÞ. In general, the strength of bias S should be similar
to the activation free energy of nucleation. The present implemen-
tation enforces this condition by adjusting Vmax during the simula-
tion. Another way to make this adaptive adjustment is by
monitoring the frequency at which the identity of the most critical
atom changes. This makes the requirement of prior knowledge of
the energy barrier redundant. A more detailed description of the
procedure with application on bond-boost hyperdynamics (also
called Self-learning Bond Boost method) can be found in [24,25].

Determination of S and hence Vmax, sometimes can be challeng-
ing if the free energy corresponding to the event of interest is not
known apriori. This situation arises when hyperdynamics itself is
needed for the occurrence of those infrequent events in atomistic
simulations such as in atomic diffusion in solids. A better approach
for such situations is to use metadynamics [17,18] or more sophis-
ticated adaptive-boost MD [1] to get an approximate idea of the
potential barrier height with little additional computational cost.
3.3. Determination of qc

To find the optimal value of the threshold parameter qmax
c , MD

simulations are performed for a small atomistic ensemble with
an embedded crack (created by removing few layers of atoms) to
facilitate inhomogeneous nucleation of crack-tip dislocations. The
parameter qmax

c indicates that the system is approaching a transi-
tion point, even without any additional thermal vibration. Hyper-
dynamics must stop beyond that point, i.e. the boost potential
should go to zero to comply with it’s assumption. qmax

c is inherently
dependent on temperature due to the contribution from thermal
vibration of the atomic system. An iterative technique is used in
this study to find the optimal value of qmax

c at a particular
temperature.

The potential energy of the system is first obtained for two dif-
ferent temperatures, one being very low (2 K for the present study)
and the other corresponding to the temperature at which qmax

c is
expected. The boost potential is then applied and the simulations
culminating in system quenching are run corresponding to differ-
ent assumed trial parameter values qtrial

c . If qtrial
c is equal to the crit-

ical threshold value qc then the system will make a transition
without any additional thermal fluctuation. The equilibrated
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Fig. 3. Time evolution of potential energy and gMises of a typical atom in the ensemble at T ¼ 300 K.

28 S. Chakraborty et al. / Computational Materials Science 121 (2016) 23–34
potential energy determines whether the quenched system has
made this transition, as elucidated in Fig. 4. For qtrial

c ¼ 0:1 the sys-
tem does not make the transition and falls back to the potential
energy corresponding to the lower temperature pathway 2 K.
However transition takes place for qtrial

c ¼ 0:12 and qtrial
c ¼ 0:13.

To obtain the minimum value of qtrial
c for which transition takes

place, the quench-simulation process is repeated with different ini-
tial atomic configurations by dephasing. The critical qc is assessed
from this exercise. In this study, the parameter qtrial

c is gradually
incremented from 0.8 to 0.15 with a step size of 0.001, and the crit-
ical value is found to be qc ¼ 0:12 at 300 K. Any value of qmax

c less
than this critical qc is safe. A conservative value of qmax

c ¼ 0:11 is
used for all subsequent studies. A value of qc ¼ 0:095 at 200 K
has been used in [8] for the study of dislocation nucleation in cop-
per nanopillars under compressive loading.
3.4. Determination of Nb

The number of atoms Nb that need to be boosted in Eq. (5a) is
another important parameter to be determined. The calculation
of boost potential and corresponding forces involve some compu-
tational costs per atom. Hence, computational efficiency requires
an optimally low number of atoms to be boosted while making
sure to include the cluster of atoms that is most critical for the
nucleation process. Since this paper focuses on the investigation
of plastic deformation of a nickel single crystal in the presence of
an atomistic crack, the crack tip region is the most critical part
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Fig. 4. Plot of the potential energy as a function of applied strain corresponding to
different temperatures in the quenching bath for determining qc .
for nucleation. Consequently at the start of simulations, only a
small through-thickness cylindrical domain with its center at the
crack tip is boosted. This is demonstrated in Fig. 5. Based on poten-
tial energy, additional atoms are tagged as to-be-boosted, as the
material deforms plastically. It should be noted that since the
least-squares based deformation gradient is not a good measure
of the local atomic strain for atoms with a low near-neighbor
count, atoms with less than 12 first nearest neighbors for fcc crys-
tals are not boosted in this work.
4. Implementation of the strain-boost hyperdynamics in
LAMMPS and accelerated MD simulations

The strain-boost based hyperdynamics method is implemented
in a parallel version of the popular MD simulation code Large-scale
Atomic/Molecular Massively Parallel Simulator or LAMMPS [26]. To
keep the main structure of the LAMMPS unchanged, an additional
‘‘compute” module is incorporated. For a given reference and cur-
rent configuration, this module calculates (i) the local least-
squares based atomic-strain per atom, (ii) the boost potential per
atom, and (iii) the additional force due to the boost potential per
atom. For preliminary verification of this implementation, an MD
model specimen is created in LAMMPS and subsequently deformed
by using the ”fix-deform” option without performing any time
integration, thus eliminating any noise due to thermal vibration.
The least squares based deformation gradient is computed using
Eq. (9) for three different load cases viz. pure translation, pure rota-
tion and pure stretch. The computed values are in agreement with
the known deformation gradients for these deformation modes.

The process of strain-boost hyperdynamics implementation in
LAMMPS is briefly discussed in this section with a schematic depic-
tion in Fig. 6. The atomistic simulation specimen is created by fill-
ing the sample geometry with atoms conforming to the
crystallographic lattice structure of the material in consideration.
For investigating crack tip plasticity, an atomic crack is placed
symmetrically at the center of the specimen by removing few lay-
ers of atoms as shown in Fig. 5. This is followed by static minimiza-
tion of the total potential energy for equilibrium configuration of
the system. Next, the initial velocity of atoms are specified, based
on the Maxwell–Boltzmann distribution for the simulation tem-
perature taken to be 300 K in this study. Dynamic equilibration
using the Nose–Hoover thermostat [10,22] is carried out to achieve
traction free outer surfaces while maintaining the system temper-
ature. The equilibrated atomic positions are stored as the reference
configuration. This is needed for computing the deformation gradi-
ents and atomic strains in subsequent simulations. This reference



Fig. 5. (a) A 3D atomic domain of single crystal nickel with an embedded crack for MD simulations, and (b) zoomed in view of the boost region for HD based accelerated MD
simulations. The color of atoms is based on the second invariant of atomic strain (gMises

i ) corresponding to 1% macroscopic strain. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. A flowchart showing the strain-boost hyperdynamics implementation in
LAMMPS. Tasks inside the dashed box are added for the hyperdynamics acceler-
ation in conjunction with the conventional MD operations.
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configuration will be updated once nucleated dislocations glide to
their stable configuration.

Following equilibration, the system is deformed by displacing
individual atoms conforming to the affine transformation, thereby
achieving an incremental ensemble strain of D�, given as:

D� ¼ Dtphy _� ð23Þ

Dtphy is the physical time at which the atomic system evolves under
the boost potential DV . Following Eq. (3), it is related to the MD time
step DtMD as Dtphy ¼ DtMDexpðDV=KbTÞ. The displacement step is fol-
lowed by the calculation of conventional forces due to the inter-
atomic interaction and additional forces due to boost potential. The
system is accordingly moved forward in time by integrating the
equations of motion using a velocity-Verlet time integration scheme
[32]. Once the positions and velocities are updated, the new atomic
strain, total per atom force (inter-atomic interaction force + boost
force) and boost factor ðexpðDV=KbTÞÞ per atom are respectively cal-
culated. Subsequently, the system is deformed by an incremental
strain of D� according to Eq. (23) and the process continues.
4.1. Validation of the strain-boost hyperdynamics model with
conventional MD results

Prior to the use of strain-boost hyperdynamics based MD simu-
lation for low strain-rate deformation analysis, it is important to
validate the model with results from conventional MD simulations.
To accomplish this, hyperdynamics-based accelerated MD and
conventional MD simulations are conducted for an atomistic model
of single crystal nickel specimen. The atomic simulation specimen
has physical dimensions of 100 nm� 50 nm� 25 nm, which con-
sists of �10 million atoms. The orientation of the crystal is
x ! ½�110�; y ! ½111�; z ! ½11 �2�. A through thickness uniform
crack of width 10 nm is embedded in the specimen. Two different
strain-rates, viz. 107 s�1 and 108 s�1, are applied to the simulations
for comparison. The resulting macroscopic stress–strain response
and evolution of dislocation density are shown in Fig. 7. The critical
nucleation stress and the evolution of different dislocation densi-
ties e.g. mobile and immobile dislocations by the two methods
are in good agreement. It is noteworthy that hyperdynamics is
most effective when the events of interest are very infrequent,
which makes the achievable boost to be dependent on tempera-
ture. At higher temperatures, the occurrence of infrequent events
is aided by higher kinetic energy of individual atoms that in turn
reduces the achievable boost.

To investigate the temperature and strain-rate dependence on
achievable boost, similar computational experiments are per-
formed for different strain-rates viz. 109; 108 and 107 and temper-
atures viz. 100 K and 300 K. The achieved average strain-boost is
calculated by monitoring the CPU time taken by the two methods.
To extend the achievable boost prediction for lower strain-rates of
� 104, hyperdynamics-based MD simulations are performed to get
the first nucleation event. These rates are beyond the reach of con-
ventional MD with most current computational platforms. With
knowledge of the critical strain for nucleation for a particular
strain-rate and temperature, the total number of MD steps that
would have been needed for conventional MD can be approxi-
mately calculated. The ratio of time steps with conventional MD
to that with hyperdynamics, multiplied by an adjustment factor
to take care of the additional computation in hyperdynamics gives
an idea of the achievable boost. Fig. 8 shows an exponential
increase of this achievable boost with decreasing strain-rates. This
is a desired benefit of accelerated MD simulations.
5. Numerical simulation of a crystalline material with an
embedded crack

The examples in this section revisit the characterization and
quantification of atomic-level deformation mechanisms obtained
by conventional MD simulations of a crystalline material with an
embedded crack in [39]. The strain-boost hyperdynamics based
accelerated MD simulations are used to compare the deformation
mechanisms at the high strain-rates similar to those in [39]. On
the other hand, simulations at lower strain-rates are examined for
the effectiveness of predictions based on high strain rate MD
simulations.
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Fig. 7. Validation of the strain-boost hyperdynamics-based MD model with conventional MD results: Comparisons of (a) volume averaged stress and (b, c) dislocation
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5.1. MD model of a single crystal nickel with an embedded crack

The geometric features and loading characteristics of a single
crystal nickel specimen with an embedded crack are shown in
Fig. 9. A similar model has been used in [39], where it was estab-
lished that a simulation box size of 80 nm� 44 nm� 25 nm is suf-
ficient for the boundary effects to be insignificant on crack-tip
Fig. 9. Geometric details of the MD model with boundary conditions: (a) physical repres
to specimen coordinate axes for: (b) orientation-1, and (c) orientation-2.
dislocation nucleation. In the present simulations, a box of size
100 nm� 50 nm� 25 nm is used. It consists of about 10 million
atoms, the lattice constant of nickel being 3.52 Å.

The interaction between nickel atoms in the MD simulations is
computed by a many-body potential function, described by the
embedded-atom method or EAM developed in [2]. This potential
is appropriate for most transition metal systems. The functional
form of the EAM potential energy of the ith atom is given as:

Ei ¼ F a

X
i–j

qbðrijÞ
 !

þ 1
2

XN
j¼1;j–i

/ijðrijÞ ð24Þ

The first term is an embedding function that represents the energy
required to place an atom i of type a into the electron cloud. The elec-
tron cloud density is a summation over many atoms, usually limited
by a cutoff radius. In the embedding energy function F a; qb is the
contribution to the electron charge density from atom j of type b at
the location of atom i. It is a functionof the distance rij betweenatoms
i and jwithin a cutoff distance. The second term is a short-range elec-
trostatic pair-wise potential as a function of the distance rij between
atoms i and j. For a single element system, three scalar functionsmust
be specified, viz. the embedding function, a pair-wise interaction
function, and the electron cloud contribution function.
entation of the specimen with an embedded crack; crystal orientations with respect
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Periodic boundary conditions are applied to eliminate free sur-
face effects. Translational symmetry extends the crack infinitely in
the z-direction. The simulation box is subjected to an applied
y-direction displacement that governs a controlled incremental
strain of D� in Eq. (23). The incremental strain is realized by dis-
placing atoms via affine transformation prior to time integration
of the governing equations.

Simulations with the accelerated MD model are used to under-
stand deformation mechanisms at the crack tip and to quantify
state variables that govern plastic deformation, viz. evolution of
mobile and immobile dislocation densities, twin volume fraction,
etc., at strain-rates that are much lower compared to what are
achievable in conventional MD. Various methods have been sug-
gested in [39] to extract deformation mechanisms from simulated
atomic configurations. The DXA method of extracting the topolog-
ical structure of dislocations [28] and the atomic-scale deformation
gradient measurement [42] for identifying twinned regions are uti-
lized in this work.
5.2. Results of hyperdynamics MD simulations

MD simulations are conducted for two different lattice orienta-
tions, corresponding to the following directions for the x� y� z
axes in Fig. 9(a). They are:
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Fig. 10. Evolution of variables for the crystal lattice orientation-1 by conventional MD
immobile dislocation densities as a function of increasing tensile strain.

Fig. 11. Initial crack-tip dislocation segments for orientation-1 at strain-rates
1. Lattice Orientation 1: x ! ½�110�; y ! ½111�; z ! ½11 �2�
2. Lattice Orientation 2: x ! ½11 �2�; y ! ½111�; z ! ½1 �10�

The significance of these two orientations is that the three slip
planes ð�111Þ; ð1 �11Þ and ð11 �1Þ have the same in-plane stresses
when the sample is loaded in the y-direction, which is the crystal-
lographic ½111� direction. In contrast, the ð111Þ plane, being per-
pendicular to the y-axis, has zero in-plane stresses. Different
orientations of the embedded crack with respect to the crystallo-
graphic axis leads to the activation of slip in different directions.
This in turn leads to the generation of different kinds of disloca-
tions governing plastic behavior.

The two orientations have also been used in [39] with conven-
tional MD, at an applied strain-rate of 2 � 107=s, to investigate ori-
entation dependence of crack tip plasticity. However at this high
strain-rate, the atomic system does not have enough time for acti-
vation of thermal activation dependent mechanisms. Therefore,
the simulation temperature in [39] was kept to 2 K and only stress
driven phenomenon was studied. With the hyperdynamics based
accelerated MD in the present study, a strain-rate of 104=s is
achieved. Hence, both the stress-driven and thermally activated
processes can be accurately represented, for which the system
temperature is kept at 300 K.
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5.2.1. Results for lattice orientation-1
As mentioned earlier, for lattice orientation-1, three slip planes

have the same in-plane stress and the crack tip extends in crystal-
lographic ½11 �2� direction. Fig. 10a shows the evolution of macro-
scopic volume-averaged stress ryy as a function of the y-direction
engineering strain �yy. In the tensile stress–strain curve, the peak
stress corresponds to the critical resolved shear stress required
for nucleating the dislocation. The stress subsequently decreases
due to the motion of dislocation, which releases the elastic strain
in the system. The results are for two strain-rates, viz. 2 � 107=s
with conventional MD and 104=s with hyperdynamics. The critical
stress, which corresponds to nucleation of first leading partial from
the crack tip, are respectively � 4:65 GPa and � 4:38 GPa for the
strain-rates 2 � 107=s and 104=s. The drop in critical stress is due
to the fact that at finite temperatures and lower strain-rate, ther-
mal activation plays a major role in the nucleation process. The
evolution of dislocations is also investigated to understand the
effect of strain-rate in more details. Fig. 10b shows the evolution
of total, mobile (Shockley partial) and immobile (stair-rod) disloca-
tion density as the specimen deforms plastically. The dislocation
density is approximated as the total dislocation length per unit vol-
ume. At a strain-rate of 104=s, the stabilized mobile dislocation
density is almost 50% higher than that at 2 � 107=s. Higher mobile
Fig. 13. Snapshots of plastically deformed atomic configuration in orientation-2, plote
showing deformation mechanisms at different strain-rates: (a) leading partial nucleation
another leading partial in the parallel slip plane (twining partial) at high strain-rates,
interpretation of the references to color in this figure legend, the reader is referred to th
dislocation density implies more ductility in the plastic regime.
This difference in dislocation density for different strain-rates is
due to the fact that at lower strain-rates, the system nucleates les-
ser number of dislocations as shown in Fig. 11. This enhances the
free path for dislocations to glide before interacting with other dis-
locations from intersecting slip planes. Contrary to mobile disloca-
tion density, which is much higher at low strain-rate compared to
higher rates, the immobile dislocation density is less at lower
strain-rates. The difference in immobile dislocation density for
the two strain-rates are not so significant. The presence of immo-
bile dislocations hardens the material by making it difficult for
mobile dislocations to glide freely. At lower strain-rates, the com-
bined effect of higher mobile dislocation density and lower immo-
bile dislocation density makes the material to hardens slowly. This
is evident from the reduced flow stress of the material.
5.2.2. Results for lattice orientation-2
For the crystal lattice orientation-2, the crack tip extends in

crystallographic ½1 �10� direction, which makes the ð11 �1Þ plane par-
allel to the crack tip. In this particular orientation, the ½11 �2� direc-
tion corresponds to the maximum in-plane stress, which favors
nucleation of leading partial dislocations. A leading partial with
Burgers vector b ¼ 1

6 ½112� is emitted irrespective of the strain-
rate as shown in Fig. 13(a). This dislocation is purely edge in
character. At the high strain-rate of 2 � 107=s, this leading partial
is followed by another leading partial in an adjacent parallel slip
plane as shown in Fig. 13(b). This combination forms a micro-
twin band. The twinned region increases by migration of twin
boundaries due to subsequent nucleation of leading partials in par-
allel slip planes. However for the lower strain-rate of 104=s, the
leading partial is followed by a trailing partial. Together they form
a full dislocation as seen in Fig. 13(c). This significant difference in
deformation mechanisms is clearly a strain rate-effect. It also has a
profound effect on the macroscopic stress–strain response of the
material as depicted in Fig. 12. A full dislocation i.e. a leading
partial followed by a trailing partial in the same slip plane, does
not leave behind any stacking fault and once a full dislocation
nucleates it carries plastic strain by gliding along the slip plane.
On the other hand for twin, plastic strain is carried by migration
of twin boundary which is accomplished by nucleation of succes-
sive leading partial in parallel slip planes. Since the gliding stress
d using AtomEye [19] with color based on common neighbor analysis (CNA [9]),
at the onset of plasticity irrespective of strain rate; (b) leading partial followed by
and (c) leading partial is followed by a trailing partial at lower strain-rates. (For
e web version of this article.)
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is much smaller than the nucleation stress, it makes full dislocation
a more superior carrier of plastic strain away from crack tip com-
parison to twin, which is also evident from macroscopic stress–
strain plot. Present finding is in agreement with [36] where a tran-
sition from twin (under short time and high load) to full dislocation
(under long time and smaller load) has also been observed under a
fixed applied stress intensity (KI). At this point it is worthy to men-
tion that for present crack orientation and with mode-I loading,
nucleation of twin or full dislocation could also depend on the
atomic configuration of the crack tip. For some particular crack-
tip atomic configuration plastic deformation is dislocation domi-
nated at both low and high applied strain rate. This suggests that
to develop an accurate analytic model predicting the critical strain
rate corresponding to twin to dislocation transition may need to
take local crack tip atomic configuration into consideration.
6. Concluding remarks

This paper develops a strain-boost hyperdynamics based accel-
erated molecular dynamics framework for modeling deformation
in crystalline materials with an embedded crack. MD simulations
are capable of depicting evolving deformation mechanisms in
materials at the atomic scale. They have been used for
continuum-scale material property assessment by hierarchical
and concurrent coupling with continuum models. A major limita-
tion of such coupling with conventional MD simulations is that
very small MD time-scales restrict the achievable strain-rates to
be much higher than experimentally observed rates, needed for
continuum scale modeling, e.g. using crystal plasticity finite ele-
ment methods. An approach that has been used to extract low
strain-rates by simple extrapolation of the higher strain-rate
results. While this approach may be reasonable when the deforma-
tion mechanisms remain unchanged over long temporal domains,
their predictive capabilities are severely compromised in the pres-
ence of multiple competing mechanisms, whose activation
depends on the deformation rate itself. Furthermore, in a concur-
rent coupling of MD with continuum models, stability require-
ments of the integration algorithm can adversely affect time
increments in the continuum model. The hyperdynamics acceler-
ated MD tool that is adopted and developed here is demonstrated
to overcome these limitations and achieve experimentally
observed strain rates.

The hyperdynamics method is based on lifting the basin of the
potential-well and biasing the local potential landscape in the MD
model. The transition state theory is used to relate the evolution of
the biased system with the unbiased system. The strain-boost
hyperdynamics method uses the second invariant of the deviatoric
atomic strain to construct the boost potential resulting in better
nearest-neighbor atomic shell than the bond length alone. This
method is incorporated in the LAMMPS code and validated for an
atomistic model of a single crystal nickel specimen. Excellent
agreement is achieved with high strain-boost over conventional
MD. High effectiveness is achieved for low frequency of events of
interest that makes the achievable boost to be dependent on the
temperature. Strain rates of the order of 104 are simulated with
this method with an exponential increase in the achievable boost
with decreasing strain-rates.

Numerical studies are subsequently conducted for a single crys-
tal nickel material with an embedded crack. In contrast to observa-
tions at high strain-rates of the order of � 107 in [39], this study is
intended to characterize evolving mechanisms at lower strain
rates, e.g. � 104. MD simulations are conducted for two different
lattice orientations or Schmid factors. Different orientations of
the embedded crack with respect to the crystallographic axis leads
to slip activation in different directions causing nucleation of dif-
ferent kinds of dislocations. For the first orientation, the mobile
dislocation density remains nearly constant with periodic burst
of dislocations. This is a typical feature of plastic deformation in
single crystals, as has been observed for aluminum single crystals
in [23]. For the second orientation, the plastic deformation mech-
anism is dislocation dominated for the lower strain-rate, as
opposed to twin dominated prediction at high strain-rate with
conventional MD. This observation is also consistent with the
experimental observation that Nickel shows deformation twinning
only under shock loading at low temperatures [7,21]. In summary,
the present study shows that the strain-boost hyperdynamics is an
effective method to overcome the time scale limitation of conven-
tional MD for continuum modeling of elastic–plastic phenomena.
Such methods are important for lower strain-rate, coupled
continuum-atomistic simulation methods that exhibit multiple
time-scales in the disparate domains.
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