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Abstract

A continuum damage mechanics (CDM) model is developed in this paper for fiber reinforced composites with inter-

facial debonding. The model is constructed from rigorous micromechanical analysis of the Representative Volume Ele-

ment (RVE) using the Voronoi cell FEM (VCFEM) that is followed by homogenizing microscopic variables using

asymptotic homogenization. The microstructural damage mode considered in this paper is fiber–matrix interfacial deb-

onding that is simulated using cohesive zone models in VCFEM. Following a systematic consideration of various order

damage tensors, an anisotropic CDM model using fourth order damage tensor with stiffness characterized as an inter-

nal variable, is found to perform most accurately for this class of materials. The comparison of this CDM results with

those obtained by homogenization of micromechanical analysis show excellent agreement between the two. Hence the

CDM model is deemed suitable for implementing in macroscopic finite element codes to represent damage evolution in

composites with significant efficiency.
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1. Introduction

Many composite materials exhibit non-unifor-

mities at the microstructural level in the form of

variations in fiber spacing, fiber size, shape, vol-
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ume fraction and dispersion. Microstructural

damage modes e.g. fiber cracking, interfacial

decohesion or matrix cracking are sensitive to

these local variations in morphological and consti-

tutive parameters. Various phenomenological

models have been proposed for failure prediction

of these composites. However, many do not explic-

itly account for microstructural variabilities and
their interaction. For example, failure surfaces

that have been constructed from experimental
ed.
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observations to portray the locus of laminate fai-

lure under combined states of macroscopic stress

in Feng (1991), Hashin (1980) and Tsai and Wu

(1971) do not explicitly account for the microstruc-

ture and its evolution. Alternatively, macroscopic
fracture mechanics theories have been applied to

design composites, for which appropriate crack

initiation and growth criteria have to be chosen

from macroscopic experiments. A problem with

many of these models is that the lack of underlying

microstructure as well as damage mechanisms limit

their applicability to different materials.

Micromechanical theories on the other hand
solve boundary value problems of the Representa-

tive Volume Element (RVE) with microstructural

distribution to predict constitutive response at

the macroscopic level. Damage models for brittle

materials with interacting microcracks have been

proposed by Budiansky and O�Connell (1976),

Benveniste (1983), Horii and Nemat-Nasser

(1987) and others. Numerical micromechanical
models using high resolution mesh for the micro-

structure have been used more recently to generate

stress–strain patterns in evolving microstructures.

Unit cell models using cohesive zone models, for

modeling the inception and progress of interfacial

decohesion, have been proposed in Camacho and

Ortiz (1996), Needleman (1990) and Tvergaard

(1995). These analyses have provided important
insight into the microstructure damaging process.

However, the uniformity assumptions to curtail

computational efforts in some cases are restrictive,

especially since the damage process is sensitive to

the local distribution. Also, in most engineering

analysis and design problems, it is impossible to

conduct detailed micromechanical analysis for a

full structural component. In these analyses, it is
convenient to use macroscopic constitutive laws

obtained by the homogenization of variables ob-

tained from micromechanics simulations. The

development of continuum damage mechanics

models from rigorous micromechanical simula-

tions appears promising in this regard.

Continuum Damage Mechanics (CDM), devel-

oped in the last few decades, provides a framework
for incorporating the effects of damage induced

stiffness softening, anisotropy etc. in constitutive

equations. Damage variables in these models are
represented by tensors of varying orders (e.g.

scalars, vectors or tensors) with their evolution de-

fined from experimental observations. Phenome-

nological CDM models, originally proposed by

Kachanov (1987), have been used extensively for
modeling creep and fatigue damage by several

authors as described in Lemaitre and Chaboche

(1990), Krajicinovic (1996) and Voyiadjis and

Kattan (1999). A number of these models repre-

sent damage as a scalar variable in the context of

�scalar damage models�. Chaboche (1981) has pro-
posed a thermodynamic framework for CDM for

isotropic damage. However, Chow and Wang
(1987) have shown even for an initially isotropic

material, experimental results point to anisotropic

damage development in aluminum alloys. Gene-

ralizations of the CDM to orthotropic damage

models using vectors has been proposed by

Krajicinovic and Fonseka (1981). The models have

been used to analyze damage in sheet metal form-

ing process by Zhu and Cescotto (1995). Talreja
(1990) have used a second order tensor field to de-

scribe damage and developed a phenomenological

constitutive theory for composite laminates.

Voyiadjis and Kattan (1999) have used the ortho-

tropic damage to model matrix cracking and inter-

facial debonding in fiber reinforced composites.

The limitations of the widely used second order

damage model in manifesting general damage have
been discussed in Carol et al. (1994). Fully aniso-

tropic damage models with fourth order damage

tensors based on principles of thermodynamics,

have been proposed by Lemaitre and Chaboche

(1990), Ortiz (1985) for damage in concrete, Simo

and Ju (1987) for damage coupled with elasto-plas-

ticity in concrete. These phenomenological models

however do not include microstructural features
like morphology and microstructural evolution.

A few micromechanical damage modeling ap-

proaches have involved averaging over the micro-

structural RVE for evaluating macroscopic

damage (e.g. Nemat-Nasser and Hori, 1999). Lene

and Leguillon (1982) have assumed a tangential

slip at the fiber/matrix interface of the RVE and

used asymptotic homogenization method to ob-
tain macroscopic damaged stiffness of the compos-

ite material. Choi and Tamma (2001a,b) have used

the second order damage model of Chow and
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Wang (1987), to predict macro crack initiation

loads for woven fabric composites. Macroscopic

damage parameters are generated by averaging

micromechanical variables obtained from micro-

mechanical damage analysis with the stiffness
degradation method. Fish et al. (1999) have used

two-scale asymptotic homogenization with a posi-

tion dependent microscopic scalar damage para-

meter to represent cracking in matrix, which is

assumed to evolve with strain. The homogenization

method with its RVE-based computations at each

integration point of the macroscopic model, makes

this a computationally expensive process, even
though it is effective in characterizing damage.

This paper is aimed at developing a continuum

damage model for composite materials with non-

uniform microstructures from detailed microme-

chanical analysis of damage. It is assumed that a

RVE may be assumed with reasonable confidence

for these analyses. Interfacial debonding between

matrix and inclusion phases of the microstructure
is considered as the damage mode in this paper.

Interfacial debonding is simulated using cohesive

zone models. The micromechanical analyses in

each RVE are conducted with the Voronoi cell fi-

nite element model (Ghosh et al., 2000; Moorthy

and Ghosh, 2000), in which cohesive zone models

are used to model interfacial debonding. The

asymptotic homogenization method (Ghosh
et al., 1995; Ghosh et al., 2001) is used to evaluate

macroscopic damage variables and their evolution

laws. Rigorous comparison of the isotropic, ortho-

tropic and anisotropic continuum damage mechan-

ics models are made with averaged micromechanics

predictions to examine their validity for the class

of composites considered. Based on the effective-

ness of the anisotropic models, the strain based
anisotropic damage model developed in Simo and

Ju (1987) is modified for damage in anisotropic

composite materials. Parameters which character-

ize anisotropic stiffness degradation are found to

vary with evolution of microstructural state vari-

ables. Consequently, a set of macroscopic strain

paths is chosen, along which anisotropic para-

meters are evaluated. Numerical examples are con-
ducted for demonstrating the effectiveness of the

CDM model in predicting damage in composite

structures.
2. The voronoi cell FEM for microstructures with

interfacial debonding

The Voronoi Cell finite element model

(VCFEM) has been developed by Ghosh et al.
(2000), Moorthy and Ghosh (2000), Li and Ghosh

(under review) and Moorthy and Ghosh (1996) for

analyzing stresses and strains in heterogeneous

microstructures of composite and porous materi-

als. In this model, heterogeneity based Dirichlet

tessellation of non-uniform microstructural re-

gions yields the unstructured Ghosh and Mukho-

padhyay (1991) for microstructural analysis, as
shown in Fig. 14a. The Voronoi cell FEM, in

which each element in VCFEM consists of a heter-

ogeneity and its immediate surrounding matrix,

has been developed as an efficient tool VCFEM

for problems with evolving microstructures.

Micromechanics problems of elastic–plastic com-

posites and porous media with evolving damage

by particle cracking have been solved in Moorthy
and Ghosh (2000, 1996), while and elastic compos-

ites with interfacial debonding induced damage

have been analyzed in Ghosh et al. (2000). In the

latter work, the VCFEM is coupled with cohesive

zone models to depict interfacial debonding as a

phenomenon of progressive separation across an

extended crack tip or cohesive zone that is resisted

by cohesive tractions. A summary of the model
developed in Ghosh et al. (2000) is given next.

Consider a heterogeneous microstructural do-

main X consisting of N inclusions each contained

in a Voronoi cell element Xe, as shown in Fig.

1a. The matrix and the reinforcement phases in

each element are denoted by Xm and Xc respec-

tively, i.e. Xe = Xm [ Xc. Each element boundary

oXe is assumed to be comprised of the prescribed
traction and displacement boundaries oCtm and

oCum respectively, and the inter-element boundary

oCm, i.e. oXe = oCtm [ oCum [ oCm. For allowing

decohesion of the matrix-inclusion interface, an

incompatible displacement field is facilitated

across the interface through a set of connected

node-pairs. The nodes in each pair belong to the

matrix and inclusion boundaries oXm
c and oXc

c,
respectively. oXc

c has an outward normal nc

(=nm), while ne is the outward normal to oXe. It

should be noted that the interfacial zone has zero



Fig. 1. Voronoi cell finite element with fiber–matrix interface modeled using nonlinear springs: (a) normal and (b) tangential traction–

displacement behavior for a bilinear cohesive zone model.
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thickness prior to deformation, but nodes may

separate with progression of deformation and on-
set of decohesion.

An assumed stress hybrid formulation is

adopted in VCFEM (Ghosh et al., 2000; Moorthy

and Ghosh, 2000; Moorthy and Ghosh, 1996). In

this formulation, special assumptions are made

for interpolation of equilibriated stress fields in

the matrix and fiber phases from considerations

of known micromechanics solutions. Additionally,
assumptions on compatible displacement fields are

also made on the element boundary and matrix–fi-

ber interface. In the incremental formulation for

accommodating evolving interfacial damage with

changing applied loads, deformation and stress

fields, a complementary energy functional is ex-

pressed for each element in terms of increments

of stress and displacement fields as
Peðr;Dr; u;DuÞ

¼ �
Z
Xm

DBðrm;DrmÞdX�
Z
Xc

DBðrc;DrcÞdX

�
Z

Xm

�m : Drm dX�
Z
Xe

�c : Drc dX

þ
Z

oXe

ðrm þ DrmÞ � ne � ðum þ DumÞdoX

�
Z

oCtm

ð�t þ D�tÞ � ðum þ DmÞdC

þ
Z

oXc
m

ðrm þ DrmÞ � nc � ðum þ DumÞdoX

þ
Z

oXc
c

ðrc þ DrcÞ � nc � ðuc þ DucÞdoX

�
Z

oXe
m=oX

e
c

Z umn þDumn �ucnþDucn

umn �ucn

T ndðumn � ucnÞdoX
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�
Z

oXe
m=oX

e
c

Z umt þDumt �uctþDuct

umt �uct

T tdðumt � uct ÞdoX

ð1Þ

where B is the complementary energy density and

the superscripts m and c correspond to variables

associated with the matrix and inclusion phases.

rm and rc are the equilibriated stress fields, �m

and �c the corresponding strain fields in different

phases of each Voronoi element. Also, u, um and

uc are the kinematically admissible displacement
fields on oXe, oX

m
c and oXc

c respectively. The prefix

D corresponds to increments. The last two terms

provide the work done by the interfacial tractions

Tm ¼ Tm
n n

m þ Tm
t t

m due to interfacial separation

(um � uc), where Tn and Tt are the normal and tan-

gential components that are described by cohesive

laws. The total energy for the entire heterogeneous

domain is obtained by adding the energy function-
als for N elements as

P ¼
XN
e¼1

Pe ð2Þ

Independent assumptions on stress increments Dr
are made in each of the element phases to accom-

modate stress jumps across the interface. A conve-

nient method of deriving equilibriated stress
increments in each phase is through the introduc-

tion of stress functions U(x, y), e.g. Airys stress

function in 2D. Important micromechanics obser-

vations, that interfacial stress concentrations de-

pend on the shape of the heterogeneity, have

been incorporated in the choice of stress functions

in Ghosh et al. (2000) and Moorthy and Ghosh

(2000) through the decomposition of the stress
functions into (a) a purely polynomial function

Upoly and (b) a reciprocal function Urec (U =

Upoly + Urec). The reciprocal terms are used for

accurate stress concentrations near the interface.

Stress increments in the matrix and inclusion

phases of Voronoi cell elements are finally ob-

tained by differentiating the stress functions to

yield expressions of the form:

fDrmg ¼ ½Pm�fDbmg and

fDrcg ¼ ½Pc�fDbcg
ð3Þ
where [Pm] and [Pc] are the stress interpolation

matrices. The boundary displacements are gener-

ated by interpolation in terms of nodal displace-

ments on oXe, oXc
m and oXc

c using conventional

linear or quadratic shape functions.

fDug ¼ ½Le�fDqg on oXe

fDumg ¼ ½Lc�fDqmg on oXc
m

and

fDucg ¼ ½Lc�fDqcg on oXc
c

ð4Þ

where {Dq}, {Dqm} and {Dqc} are the generalized

nodal displacement vectors. The stress and dis-

placement interpolations are substituted in Eqs.

(1) and (2). Subsequently stationary conditions of

these equations are evaluated with respect to the
stress parameters Dbm and Dbc, and displacement

parameters {Dq}, {Dqm} and {Dqc} to yield the

stress and displacement solutions in each element.

Details of VCFEM formulation and solution

methodology are presented in Ghosh et al. (2000)

and Moorthy and Ghosh (2000).

The interfacial traction components (Tn, Tt) in

the energy functional Eq. (1) are related to the
interfacial separation dn ð¼ umn � ucnÞ, dt ð¼ umt �
uct Þ using cohesive laws that govern nonlinear

interfacial springs along the normal and tangential

directions. In these laws, tractions across the inter-

face reach a maximum, subsequently decrease and

eventually vanish with the increasing displacement

jump. A number of cohesive zone models have

been provided by various authors (Camacho and
Ortiz, 1996; Chandra et al., 2002; Geubelle, 1995;

Needleman, 1992; Ortiz and Pandolfi, 1999). A

bilinear cohesive zone model, postulated by Ortiz

and Pandolfi (1999), is used in this work to

represent interfacial debonding. In this model, a

relation between the effective traction

t ð¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T 2

n þ T 2
t

q
Þ and the effective displacement

jump d ð¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2n þ b2d2t

q
Þ is expressed through a free

energy potential / as

t ¼ o/ðdÞ
od

ð5Þ

where dn and dt are displacement jumps in the

normal and tangential directions respectively.



960 P. Raghavan, S. Ghosh / Mechanics of Materials 37 (2005) 955–979
The factor b is introduced to provide different

weights to normal and tangential displacements.

The t–d relation in the bilinear model is expressed

as (Ortiz and Pandolfi, 1999)

t ¼

rmax

dc
d if d 6 dc ðhardening domainÞ

rmax

dc � de
ðd� deÞ if dc < d 6 de ðsoftening domainÞ

0 if d > de ðcomplete debondingÞ

8>>><
>>>:

ð6Þ

from which the normal and tangential tractions

are derived as

T n ¼
o/
odn

¼ o/
od

od
odn

¼

rmax

dc
dn if d 6 dc

rmax

d
d� de
dc � de

dn if dc < d 6 de

0 if d > de

8>>>>><
>>>>>:

T t ¼
o/
odt

¼ o/
od

od
odt

¼

rmax

dc
b2dt if d < dc

rmax

d
d� de
dc � de

b2dt if dc < d 6 de

0 if d > de

8>>>>><
>>>>>:

ð7Þ

Fig. 1b and c show the normal traction–separation
response for dt = 0 and tangential traction–separa-

tion response for dn = 0 respectively. When the

normal displacement dn is positive, the traction

at the interface increases linearly to a maximum

value of rmax (point A) corresponding to a value

of dc before it starts decreasing to zero at a value

of de (point C). The unloading behavior in the

hardening region is linear following the loading
path. In the softening region, the unloading pro-

ceeds along a different linear path from the current

position to the origin with a reduced stiffness. This

is shown by the line BO in Fig. 1b and c, for which

the t–d relation is

t ¼ rmax

dmax

dmax � de
dc � de

d

dc < dmax < de and d < dmax ð8Þ
Both normal and tangential tractions vanish when

d > de. Reloading follows the path OBC demon-

strating the irreversible nature of the damage

process. The magnitudes of the tangential trac-

tion–displacement relation are independent of the
sign, and hence the behavior is same for dt positive
and negative. When the normal displacement is

negative in compression, stiff penalty springs with

high stiffnesses are introduced between the node-

pairs at the interface.
3. Homogenization for macroscopic variables and
properties

Multi-scale models require the evaluation of

homogenized or effective material properties and

macroscopic variables like stresses and strains.

In Ghosh et al. (1995), Ghosh et al. (2001) and

Raghavan et al. (2001), the asymptotic homogeni-

zation method has been used along with periodic-
ity assumptions over the microstructural RVE,

for evaluating effective properties by averaging

variables over the RVE. A majority of analyses

in the literature (e.g. Fish et al., 1999; Lene and

Leguillon, 1982; Yuan et al., 1997) have consid-

ered a rectangular array of fiber in the microstruc-

ture, resulting in a rectangular RVE containing a

single fiber. Determination of the statistically
equivalent RVE is considerably more difficult

for non-uniform microstructures. Methods for

determining statistically equivalent RVEs for

non-uniform microstructures by using statistical

functions have been discussed in Pyrz (1994a,b),

Raghavan and Ghosh (2004) and Raghavan

et al. (2001). Bulsara et al. (1999) have studied

the effect of RVE size on damage initiation due
to debonding and matrix cracking for non-uni-

form microstructures.

The asymptotic homogenization method

(Raghavan and Ghosh, 2004; Raghavan et al.,

2001), in conjunction with detailed micromechani-

cal analysis by VCFEM, is adopted in this work to

obtain homogenized properties and averaged vari-

ables. Assuming variables exhibit periodic behav-
ior in the RVE, the or averaged stress–strain

relation for a heterogeneous elastic material takes

the form
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�rij ¼ EH
ijmn��mn ð9Þ

Here �rij is a volume averaged stress obtained by

integrating the VCFEM generated microstructural

stress in the RVE, using the formula

�rij ¼
1

Y

Z
Y
rijðY ÞdY ð10Þ

where Y is the RVE domain. Similarly, the volume

averaged macroscopic strain is generated using the

formula

��ij ¼
1

Y

Z
Y
�ijðY ÞdY

¼ 1

Y

Z
Y m

�ijðY ÞdY þ
Z
Y c

�ijðY ÞdY
�

þ
Z
Y interface

�ijðY ÞdY
�

ð11Þ

Ym, Yc and Yinterface in the above equation corre-
spond to the matrix, inclusion and interface do-

mains in the RVE respectively. By applying

divergence theorem to the last term in Eq. (11),

the average strain may be derived as

��ij ¼
1

Y

Z
Y
�ijðY ÞdY þ 1

2Y

Z
oXe

m=oX
e
c

ð½ui�nj þ ½uj�niÞdS

ð12Þ

where [ui] denotes the jump in the displacement

components across the fiber–matrix interface with

outward normal ni. This integral is evaluated over
all the fiber–matrix interfaces in the RVE i.e.S
Xe

m=oX
e
c. The additional term in strain averaging

due to imperfect interface has been suggested by

Lissenden and Herakovich (1995) and Nemat-

Nasser and Hori (1999). For perfect interfaces

the displacement jump [ui] is zero resulting in the

vanishing of this correction term.

In the present analysis, the homogenized prop-
erties with the elasticity tensor EH

ijkl are assumed

to be orthotropic. For plane strain problems, the

components of EH
ijkl are calculated by solution of

three separate boundary value problems of the en-

tire RVE. The loading in each of these problems is

in the form of imposed unit macroscopic strains

eij ¼ 1
2
ðoui
oxj

þ ouj
oxi
Þ, stated as
exx

eyy

exy

8><
>:

9>=
>;

I

¼
1

0

0

8><
>:

9>=
>;;

exx

eyy

exy

8><
>:

9>=
>;

II

¼
0

1

0

8><
>:

9>=
>;

exx

eyy

exy

8><
>:

9>=
>;

III

¼
0

0

1

8><
>:

9>=
>;

ð13Þ

In each problem the strain in the fiber direction is

set to zero, i.e. ezz = 0. Additionally, the periodic-

ity on RVE boundaries implies that all points on

the boundary are constrained to displace periodi-

cally. For nodes on the boundary which are sepa-
rated by the periods Y1, Y2, Y3 along one or more

coordinate directions, the displacement constraints

may be expressed as one of the following

uiðx1; x2; x3Þ ¼ uiðx1 � k1Y 1; x2 � k2Y 2; x3 � k3Y 3Þ
i ¼ 1; 2; 3 ð14Þ

where k1, k2, k3 may assume the values 0 or 1,

depending on the node locations. The homoge-

nized elastic stiffness components EH
1111, EH

2222,

EH
1212, EH

1133, EH
2233 and EH

1122 are calculated from

the volume averaged stresses Rij in Eq. (10). To

calculate the effective property along the fiber

direction, a fourth boundary value problem with

ð��xx;��yy ;��xy ;��zzÞT ¼ ð0; 0; 0; 1ÞT needs to be solved.

The macroscopic orthotropic elastic constants like

Young�s moduli (E1, E2, E3), Shear modulus (G12)

and Poisson�s ratio (m12, m13, m23) can be obtained

from inverse relations of EH
ijkl.

3.1. Numerical examples on homogenized

properties with imperfect interfaces

Two numerical examples, involving homogeni-

zation of variables obtained by micromechanical

VCFEM analysis of heterogeneous RVEs with

imperfect interfaces, are considered in this section.

The examples are chosen to validate the methods

of evaluating effective material properties with
VCFEM-based micromechanical analyses. In the

first example, a square RVE containing a single

circular fiber with an imperfect interface is consid-

ered. This problem, representing a uniformly dis-

tributed microstructure has been analyzed by

Yuan et al. (1997) using the commercial ANSYS
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software. The interface in this example is assumed

to be partially bonded after a steady state has been

attained, i.e. no crack propagation is considered.

In VCFEM, the debonded portion of the interface

is modeled with springs of zero stiffness, while stiff
springs are used to represent the intact regions.

The fiber volume fraction in this composite is

40%. The matrix material is 1723 Glass with

Young�s modulus, Em = 88 GPa and Poisson�s ra-
tio, mm = 0.2987, whereas the fiber is Nicalon with

Young�s modulus, Ef = 200 GPa and Poisson�s ra-
tio mf = 0.2222. The effective elastic moduli are

evaluated for different values of the debonded
semi-angle a (see Fig. 2), ranging from a = 0�
(composite with perfect interface) to a = 90� (com-

pletely debonded composite). Symmetric debond-

ing about the x and y axes are assumed in this

example.

Excellent agreement with results in Yuan et al.

(1997) are shown in Fig. 2a and b for Young�s/
Fig. 2. (a) RVE with pre-described debonding angles a, compariso

Poisson�s ratio obtained using VCFEM with those of Yuan et al. (19
shear moduli Poissons ratio respectively. While

Young�s moduli and the shear modulus reduce

monotonically with increasing a, the same is not

the case with Poisson�s ratio m12, which reaches a

minimum around 68� and then increases back
again. The modulus along the fiber direction E3

is found to be insensitive to the debonding angle.

The second example is intended to understand

the effect of progressively increasing debonding

on the macroscopic behavior of the composite.

The RVE considered is once again a square do-

main with a single circular fiber with a volume

fraction of 20%. The matrix material is has
Young�s modulus, Em = 4.6 GPa and Poisson�s ra-
tio, mm = 0.4, while the fiber material has a Young�s
modulus Ef = 210 GPa and Poisson�s ratio,

mf = 0.3. The cohesive law parameters for the inter-

face are rm = 0.02 GPa, dc = 5.0 · 10�5 m and

de = 20 · 10�4 m. Fig. 3a shows the macroscopic

or averaged stress–strain curve along the loading
n of effective properties; (b) Young�s/shear modulus and (c)

97).



Fig. 3. RVE subjected to loading in (a) simple tension and (c) biaxial tension. Macroscopic stress–strain curve for the RVE loaded in

(b) simple tension and (d) biaxial tension.
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direction corresponding to simple tension loading.

Three distinct regions emerge in this figure with in-

creased loading. They are: (a) linear region from 0

till A1 corresponding to a bonded interface with

dn 6 dc; (b) a nonlinear region from A1 to C1 cor-

responding to softening and subsequent debond-
ing with dndc; and (c) a linear region beyond C1

indicating that no further softening or debonding

can take place for any additional external loading.

Unloading from any point in the nonlinear stage

results in a linear stress–strain behavior with no

residual stress or strain at O, as shown by the line

B1–O. Reloading causes the stress–strain behavior

to follow the path O–B1–C1. This is consistent with
the cohesive law in Fig. 1b and c, where unloading/

reloading path during softening follows the path

O–B–C. Unloading from beyond C1 follows a lin-

ear path to the origin. As seen in Fig. 3a, the deb-

onding is symmetric about the mid-plane and the
top and bottom of the interface are in states of

compression (C–C in Fig. 3a inset). This prevents

further debonding of the interface loading to a

constant post-debonding macroscopic stiffness.

For the example with biaxial loading as shown in

Fig. 3b, there is complete debonding of the inter-
face. This results in a voided material-like behavior

of the composite with a significantly reduced post-

debonding stiffness. This exercise lays the founda-

tion for a robust continuum damage mechanics

model that is developed in this work from detailed

micromechanical analyses.
4. A continuum damage mechanics model from

VCFEM-based micromechanical analysis

In continuum damage mechanics (CDM),

macroscopic constitutive models involving
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macroscopic internal variables are used to repre-

sent material behavior with evolving micro-defects

or micro-damage. The set of internal variables typ-

ically chosen are scalar, second order tensor or

fourth order tensor leading to the so-called scalar
isotropic, orthotropic and anisotropic damage

models. Each of these model categories is studied

in this section, in an effort to develop a debond-

ing-induced damage evolution model for non-uni-

form composites. The capabilities and limitations

of these models are examined for multi-axial load-

ing conditions.

The general form of CDM models (Kachanov,
1987) introduce a fictitious effective stress ~rij act-

ing on an effective resisting area (~A), which is

caused by reduction of the original resisting area

A due to material degradation caused by the pres-

ence of microcracks and stress concentration in the

vicinity of cracks. The effective stress is related to

the actual Cauchy stress rij in the damaged mate-

rial using the fourth order damage effect tensor
Mijkl as

~rij ¼ MijklðDijklÞrkl ð15Þ

where Dijkl is the damage tensor, can be of zeroth,

second or fourth order, depending on the model

employed. Different hypotheses based on equiva-

lence of strain or elastic energy have been pro-

posed to evaluate Mijkl and hence establish a

relation between the damaged and undamaged
stiffnesses. Lemaitre and Chaboche (1990) have

proposed the equivalent strain hypothesis in which

the fictitious stress ~rij, when applied to the undam-

aged material element produces the same strain

state as that by the actual stress rij, applied to

the damaged material. It has been noted in Hansen

and Schreyer (1994) and Simo and Ju (1987) that

the strain equivalence assumption for higher
dimensions leads to a non-symmetric stiffness ma-

trix. Alternatively, the hypothesis of equivalent

elastic energy has been proposed by Cordebois

and Sidoroff (1982), in which the elastic energy

for a damaged material with the actual stress is as-

sumed to be equivalent in form to that of the

undamaged material with the fictitious effective

stress. This principle has been used in the damage
modeling of Chow and Wang (1987), Zhu and

Cescotto (1995) and Voyiadjis and Kattan (1999)
and others and will be pursued in this work. The

equivalence is established by equating the elastic

energy in the damaged state to that in a hypothet-

ical undamaged state as

W ðr;DÞ ¼ 1

2
rijðEijklðDÞÞ�1rkl

¼ W ð~r; 0Þ ¼ 1

2
~rijðE0

ijklÞ
�1~rkl ð16Þ

Here E0
ijkl is the initial undamaged stiffness and

Eijkl(D) is the stiffness of the damaged material.

Substituting Eq. (15) in Eq. (16), the relation be-

tween the damaged and undamaged stiffnesses is

established as

Eijkl ¼ ðMpqijÞ�1E0
pqrsðMrsklÞ�1 ð17Þ

With an appropriate choice of the order of the

damage tensor and the assumption of a function

for Mijkl, Eq. (17) can be used to formulate a dam-

age evolution model using micromechanics and

homogenization.

4.1. Isotropic damage model with scalar variable

The isotropic damage models with scalar dam-

age was proposed by Kachanov (1987) and have

been used by Simo and Ju (1987), Hansen and

Schreyer (1994) and Lemaitre and Chaboche

(1990) for modeling damage in concrete, metals

etc. The tensor Mijkl in this model is written as

Mijkl ¼
1

2ð1� DÞ ðdikdjl þ dildjkÞ ð18Þ

where D is the scalar damage variable. Using Eq.

(17), the damaged stiffness with all symmetries re-

tained, can be expressed as

Eijkl ¼ ð1� DÞ2E0
ijkl ð19Þ

In two dimensional plane strain analyses, the stiff-
ness matrix is expressed as

E1111 E1122 E1112 E1133

E2211 E2222 E2212 E2233

E1211 E1222 E1212 E1233

E3311 E3322 E3312 E3333

2
6664

3
7775

The square RVE shown in Fig. 3 is considered

again for examining the validity of the scalar dam-
age law for composites with interfacial debonding.
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In this example, the RVE subjected to simple ten-

sion loading in the horizontal (x) direction is

micromechanically analyzed by VCFEM using

the properties discussed in the second example of

Section 3.1. Interfacial debonding initiates at the
poles (intersection with the x axis) of the inclusion

and propagates in the vertical direction in a sym-

metric manner about the x and y axes. However

Poisson�s effect causes the top and bottom poles

and their neighboring regions of the interface to

be in compression and hence this region remains

bonded at all loads as shown in Fig. 3a inset.

Homogenization of the micromechanics variables
by the method discussed in Section 3.1 is con-

ducted, for the configuration when the debonding

process has arrested and when the RVE evolution

has attained a locked position. The homogenized

pre- and post-damaged stiffness coefficients in the

x–y coordinate system are as follows:

Undamaged stiffness E0
ijkl in GPa

12:39 7:60 0 7:55

7:60 12:39 0 7:55

0 0 2:16 0

7:55 7:55 0 51:39

2
6664

3
7775

) Damaged stiffness Eijkl in GPa

4:64 2:90 0 2:98

2:90 6:76 0 2:98

0 0 1:00 0

2:98 2:98 0 48:32

2
6664

3
7775

The homogenized results show that while the pre-

damage orthotropy is retained in the post-dam-

aged stiffness, the stiffness coefficients do not scale

down uniformly with evolving damage. Due to

compressive stress along the top and bottom re-

gions of the interface (near north and south poles)

and debonding along the two sides (east and west

poles) of the interface, the coefficient E2222 is stiffer
than E1111. The scalar damage model is incapable

of predicting this type of stiffness degradation

since it assumes uniform damage development in

all directions. Such observations have also been

made by Chow and Wang (1987) whose experi-

ments on initially isotropic aluminum alloy

showed that experimental damage along the load-
ing direction was more pronounced than that in

the transverse direction.

4.2. Orthotropic damage model with second order

tensor variables

Orthotropic damage models using second order

symmetric damage tensor were proposed by

Cordebois and Sidoroff (1982) and have been

developed and used by many authors to account

for anisotropic material degration. Chow and

Wang (1987) have used a new the damage effect

tensor to study damage in aluminum. Zhu and
Cescotto (1995) have used this model to describe

elasto-visco-plastic damage model for sheet form-

ing process. Park and Voyiadjis (1997) have used

the second order damage model for describing

nucleation and growth of voids in the matrix, frac-

ture of fibers, debonding and delamination in com-

posites. In these models, the components of a

second order symmetric damage tensor are
expressed as Dij = Dji "i, j = 1, 2, 3. The damage

effect tensor can then be described by incorpora-

ting the second order damage tensor in Eq. (18) as

Mijkl ¼ ðdik � DikÞ�1djl ð20Þ

When the second order damage tensor becomes a

scalar (D11 = D22 = D33 = D and all other

Dij = 0), the damage effect tensor given in Eq.

(20) reduces to the scalar form in Eq. (18). From

Eq. (20), it is evident that the effective stress may

be unsymmetric. Voyiadjis and Kattan (1999) have

discussed three methods of symmetrization of

Mijkl, given by the forms:

~rij ¼
rikðdkj � DkjÞ�1 þ ðdil � DilÞ�1rlj

2
ðaÞ

~rij ¼ ðdik � DikÞ�1=2rklðdlj � DljÞ�1=2 ðbÞ

rij ¼
~rikðdkj � DkjÞ�1 þ ðdil � DilÞ�1~rlj

2
ðcÞ

ð21Þ

The symmetrization forms of Eq. (21)(a) and (b)

are popular in the literature and have been used

in Chow and Wang (1987) and Zhu and Cescotto

(1995). In Voyiadjis and Kattan (1999), various

forms of Mijkl are expressed in the principal



Fig. 4. Debonding pattern of a RVE subjected to shear

loading.
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damage coordinate system of in terms of the prin-

cipal values D1, D2, D3. The sum type symmetriza-

tion based on Eq. (21)(a) leads to

M ¼ diag
1

1� D1

;
1

1� D2

;
1

1� D3

;
ð1� D3Þ þ ð1� D2Þ
2ð1� D3Þð1� D2Þ

;

�
ð1� D3Þ þ ð1� D1Þ
2ð1� D3Þð1� D1Þ

;
ð1� D2Þ þ ð1� D1Þ
2ð1� D2Þð1� D1Þ

�
ð22Þ

while the product type of symmetrization based on

Eq. (21)(b) leads to

M ¼ diag
1

1� D1

;
1

1� D2

;
1

1� D3

;
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� D3Þð1� D2Þ
p ;

"

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� D3Þð1� D1Þ

p ;
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� D2Þð1� D1Þ
p

#

ð23Þ

The resulting damaged stiffness for an initially

orthotropic material is deduced to be also ortho-

tropic from Eq. (17) (see Carol et al., 1994).

The orthotropic damage model, with the second

order damage tensor, is now examined for its effec-

tiveness in representing interfacial debonding

based damage in composite microstructures. The
square RVE is described in Fig. 3 is analyzed by

VCFEM for various different cases of loading with

different combinations of strain along different

strain paths. For this RVE, the global axes x and

y correspond to planes of material symmetry.

For any damage inducing load path, that may pre-

serve the initial material symmetry (orthotropy for

the composite RVE), the resulting damaged stiff-
ness will be orthotropic in the global coordinate

system. Straining paths corresponding to normal

strain loading, i.e. �xx = �yy 5 0, �xy = 0, is found

to cause debonding while preserving the original

material symmetry axes. Consequently, the stiff-

ness measured in the global coordinate system is

always orthotropic for this loading and the second

order damage tensor should be capable of repre-
senting this orthotropic damage.

Next, the RVE loaded in shear �xx = �yy = 0,

�xy 5 0, for which the configuration upon comple-

tion of debonding is shown in Fig. 4. Homogeniza-

tion of the micromechanics results for the

undamaged and final damaged configurations

leads to
Undamaged stiffness

ðGlobal coordinatesÞ
12:39 7:60 0 7:55

7:60 12:39 0 7:55

0 0 2:16 0

7:55 7:55 0 51:39

2
6664

3
7775

) Damaged stiffness

ðGlobal coordinatesÞ
7:94 4:55 �1:08 4:80

4:55 7:94 �1:08 4:80

�1:08 �1:08 1:56 �0:79

4:80 4:80 �0:79 49:36

2
6664

3
7775

) Damaged stiffness

ðRotated coordinatesÞ
5:65 4:69 0 4:01

4:69 9:97 0 5:59

0 0 1:70 0

4:01 5:59 0:0 49:36

2
6664

3
7775

This damaged stiffness exhibits coupling between

the normal and shear strain components in the

elastic energy evaluation, a feature that is not char-

acteristic of orthotropy. Hence, the material exhib-

its general anisotropy in the global coordinate

system. However, if the stiffness is transformed
to the principal damage axes (x 0 � y 0) by a rota-

tion of h = 45�, the coupling vanishes and ortho-

tropy of the stiffness matrix is regained. Thus the

material is orthotropic with respect to the principal

damage coordinate system. The debonding for this



Fig. 5. Variation of stiffness matrix entries E1112, E2212 and

E3312 as a function of h.
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case is see to be symmetric about the principal

damage axes as shown in Fig. 4.

Finally a coupled tension/shear loading of the

RVE, with �xy/�xx = 2 and �yy = 0, is considered.

The homogenized undamaged stiffness and stiff-
ness at the final damaged configuration in the glo-

bal co-ordinate system are derived as

Undamaged stiffness

ðGlobal coordinatesÞin GPa

12:39 7:60 0 7:55

7:60 12:39 0 7:55

0 0 2:16 0

7:55 7:55 0 51:39

2
6664

3
7775

) Damaged stiffness

ðGlobal coordinatesÞin GPa

5:11 3:11 �0:59 3:24

3:11 5:91 �0:82 3:53

�0:59 �0:82 1:38 �0:52

3:24 3:53 �0:52 48:33

2
6664

3
7775

The coupling between the normal and shear com-

ponents is once again observed for the damaged

stiffness in the global coordinate system. In an at-

tempt to determine the orientation of the local
coordinate axes for which all the coupling terms

vanish and hence the stiffness matrix orthotropic,

a coordinate transformation is performed. The

transformation rotated stiffness matrix at any an-

gle h measured from the global co-ordinate system

can be written as

Eh
ijkl ¼ T ipT jqT krT lsEh¼0�

pqrs ð24Þ

where Tij is the rotation matrix with components

T ij ¼
cos h sin h 0

� sin h cos h 0

0 0 1

2
64

3
75

Variations of the homogenized normal/shear cou-

pling terms E1112, E2212 and E3312 as functions of

h are plotted in Fig. 5. While the values of these

three coefficients are close to zero near h = 45�
and h = 135�, they do not vanish simultaneously
for any single value of h. Consequently, it may

be concluded that this material is not truly ortho-
tropic in any coordinate system orientation and

the undamaged material symmetries diminish with

evolving damage.

From the previous discussion, it is clear the

even for the unit cell with a circular fiber, anisot-

ropy sets in for the combined normal/shear cou-
pled loading conditions. A specific case of

�xy
�xx

¼ 2

was discussed in detail. It is of interest to identify

the error introduced in estimating the modulus, if

orthotropy is assumed, for these combined nor-

mal-shear coupled loading conditions. To this

end, analysis is performed with a strain ratio

h ¼ tan�1ð�xx
�xy
Þ, for h varying from 0� to 90�. The

analysis is performed for all three cases considered
(discussed in detail in Section 6), viz.: (a) unit cell

with a circular fiber, (b) unit cell with an elliptical

fiber and (c) a random distribution of 20 fibers.

Fig. 6 shows the ratio of the normal–shear cou-

pling stiffness term to the normal stiffness term
E1112

E1111
for varying h. It can be seen that the ratio

can be as high as 16% measured in the global co-

ordinate system. As h approaches 90� correspond-
ing to the case of pure tension loading, the ratio

approaches 0. For the circular and elliptical fiber

cases, this tension loading is symmetric with re-

spect to both axes and thus does not induce any

coupling terms in the global coordinate system.

However, for the random case, there is no symme-

try with respect to the global co-ordinate system

and thus coupling term exists even for the case
of pure tension loading.



Fig. 6. Ratio of normal/shear coupling stiffness term E1112 to the normal term E1111 as a function of h in both global and rotated

co-ordinate system that makes E3312 zero.
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The principal damage axis of these multi-axial

loading is not known a-priori. To measure the ex-
tent of anisotropy, an axis is determined that

makes one of the normal shear coupling term to

go to zero. In this axis system, the other non-zero

normal shear coupling terms are determined. To

this end, the rotated E0
3312 in terms of unrotated

stiffness coefficients is given by using Eq. (24).

The rotation angle h is determined that makes

E3312 zero. At this angle, the non-zero values of
E0
1112 and E0

1111 are also calculated. The ratio of
E0
1112

E0
1111

is provided in Fig. 6 as a measure of the extent

of anisotropy. It can be seen that material is aniso-

tropic in all co-ordinate system for these normal/

shear combined loading. However, the degree of

anisotropy is not as severe as in the global co-ordi-

nate system and is around 2%. The figure also

shows the relative values for the elliptical fiber

and the random fiber cases. A similar behavior is

observed with the ratio between the shear/normal
stiffness at 10% or more in the global co-ordinate

system and is less than 2% in the axis that makes

one of the normal-shear term vanish.

It is interesting to mention that a Vakulenko–

Kachanov type of second order tensor damage

representation has been used by Talreja (1990) to

predict change in the initial orthotropic symmetry

for the general damage case and for debonding in
Talreja (1991). Though an orthotropic damaged

stiffness have been assumed by Lene and Leguillon
(1982) in their asymptotic homogenization model

for RVE�s with interfacial debonding, their analy-

sis is due to tangential slip only and any normal

separation has been ignored. From the above

study, it can be concluded that second order dam-

age models are generally pretty good. However, in

the intent of seeking an accurate representation

of the damage behavior, an anisotropic damage
model with a fourth order damage tensor is deemed

suitable for macroscopic damage representation in

this class of composites.
4.3. Anisotropic damage model with fourth order

damage tensor

Anisotropic damage models involving forth or-
der damage variables are able to overcome short-

comings of the other models discussed in the

previous sections. Such models have been pro-

posed by e.g. Ortiz (1985) for concrete in which

loading surface is defined in stress space and the

secant compliance tensor is considered as an inter-

nal variable. Simo and Ju (1987) have proposed a

loading surface in the strain space with the current
damaged stiffness tensor as an internal variable.

Anisotropic damage in this work is introduced



Fig. 8. Plot of j vs. Wd for a RVE loaded along the

macroscopic strain path �xx 5 0, �yy = �xy = 0.

Fig. 7. Plot of final damage work vs angle h for a RVE loaded

along biaxial strain path.
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through positive projection strain tensors. The

proposed model in this paper extends the Simo–

Ju strain based damage model to account the

anisotropic evolution of stiffness degradation.

The damage surface in this model is expressed in
terms of the strain �ij and the damage work Wd as

F ¼ 1
2
�ijP ijkl�kl � jðaW dÞ ¼ 0 ð25Þ

where Pijkl symmetric negative definite fourth or-

der tensor that should be determined, a is a scaling

parameter, j is a parameter that is a function of
the damage work W d ¼

R
1
2
�ij dEijkl�kl. It is impor-

tant to introduce the scaling parameter in conjunc-

tion with the damage work to account for its

variability with the loading path, as explained in

Appendix A. From the definition of the rate of

damage work _W d ,
1
2
�ij�kl is the conjugate to _Eijkl.

Using the associativity rule, the rate of stiffness

degradation can be obtained as

_Eijkl ¼ _k
oF

o 1
2
�ij�kl

� � ¼ _kP ijkl ð26Þ

It may be inferred from this Eq. (26) that Pijkl cor-
responds to the direction of the rate of stiffness

degradation tensor _Eijkl. The model necessitates

the evaluation of j(Wd), a and Pijkl, which can

be accomplished by micromechanical RVE analy-

ses with periodicity boundary conditions. Determi-

nation of these parameters is discussed next.

4.4. Determination of j(Wd) and a(�ij)

Evaluation of the function j(Wd) involves cal-

culating this function for a reference loading path

(strain combination) and scaling it for all other

load paths with respect to this reference. In this pa-

per, the reference loading path is chosen to be

(�xx 5 0, all other �ij = 0). Micromechanical simu-

lation of the RVE is performed for this load path
with periodic boundary conditions. The corre-

sponding damage surface Eq. (25) for this loading

becomes

1
2
�2xxP 1111 � j ¼ 0 ð27Þ

Without loss of generality, the value of P1111 may

be set to 1 and thus j ¼ 1
2
�2xx. The values of Wd

can be evaluated numerically at the end of each

increment. The functional form of j(Wd) is shown
in Fig. 8. In the undamaged range, j increases

slightly for no damage work Wd. On the other

hand, it asymptotically reaches an infinite value

at the damage saturation value corresponding to
W F

d , since j keeps increasing even without any in-

crease inWd. Once the maximum valueW F
d is deter-

mined for the reference loading condition, a for any
strain path can be obtained by simple scaling as

að�xx; �yy ; �xyÞ ¼
W dð�xx; �yy ; �xyÞ

W dð�xx 6¼ 0; �yy ¼ 0; �xy ¼ 0Þ ð28Þ
4.5. Determination of Pijkl(�)

The damage parameters Pijkl have been as-

sumed to be constant in the Neilsen and Schreyer
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model described in Carol et al. (1994). However,

for composite material with interfacial debonding,

the direction of rate of stiffness degradation varies

significantly with increasing damage. Fig. 9b show

the progressive contour plots of rxx in a RVE
undergoing interfacial debonding with increased

straining, in a constrained tension test with

�xx 5 0,�yy = �xy = 0 (Fig. 9a). The corresponding

stiffness degradations are plotted as functions of

the strain for two components E1111 and E2222 in

Fig. 9c. At the initial stages of debonding, E1111
Fig. 9. (a) RVE subjected to loading conditions with �xx 5 0, �yy = 0,

increasing loads. (c) Plot of degrading stiffness values E1111, E2222 wit
decreases faster than E2222 due to the location of

initiation and direction of propagation of the deb-

onding crack. It also stabilizes at a smaller strain

in comparison with E2222. At the final strain, when

both stiffness components have stabilized at very
low values, the RVE behavior is similar to that

of a voided matrix with large porosity. The vary-

ing rates of stiffness degradation with increasing

strain conclusively points to the fact that constant

Pijkl cannot capture this behavior. The compo-

nents of Pijkl(�mn) are considered to be functions
�xy = 0. (b) Plot of microscopic rxx contours with debonding for

h increasing loads.
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of the total strain and damage work, but their

dependence on load history is assumed to be neg-

ligible in this work.

Due to the lack of a comprehensive functional

form of Pijkl(�mn), a discrete approach, similar to
that used in FEM is adopted in this paper. Dis-

crete values of Pijkl are evaluated at points in the

macroscopic strain space by homogenization of

the RVE-micromechanics analyses at systematic

intervals along various strain paths. In the discret-

ized strain space of Fig. 10, the value of a piecewise

continuous Pijkl at any point in the strain space

may then be obtained by interpolation from nodal
values according to

P ijklð�xx; �yy ; �xyÞ ¼
X8

a¼1

ðP ijklÞaN að�xx; �yy ; �xyÞ ð29Þ

where (Pijkl)a are the nodal values and Na are the

shape functions for a 3D linear 8-noded hexahe-

dral element. A similar process has been discussed

for porous elasto-plasticity in Lee and Ghosh

(1999).

The nodal values of macroscopic stresses, the

corresponding damage work Wd and Pijkl are eval-

uated at each nodal point in a subspace of the �xx–
�yy–�xy space by solving incremental microscopic

boundary value problems with VCFEM and

asymptotic homogenization. In this process, mac-

roscopic strain increments are applied to the

RVE subjected to periodic boundary conditions

(see Lee and Ghosh, 1999). Strain increments are
Fig. 10. Discretised macroscopic strain space for Pijkl evalua-

tion where the strain increments are prescribed as

D�xx:D�yy:D�xy = coshcos/:sinhcos/:sin/.
applied along the radial line in the macroscopic

strain space such that a constant ratio is main-

tained between the strain components, i.e.

D�xx:D�yy:D�xy = coshcos/:sinhcos/:sin/, where

the angles h and / are depicted in Fig. 10. From
the symmetry conditions, only half of the �xx–
�yy–�xy strain space is considered for loading, such

that 0� 6 h 6 360� in the �xx–�yy plane and 0� 6 /
6 90� outside of this plane. The microscopic shear

behavior is identical about the �xx–�yy plane except
for the sign and hence only the positive part is re-

tained in / range. The h range encompasses the en-

tire �xx–�yy plane, since the microscopic debonding
behavior in tension and compression are different.

The analyses are performed at uniform strain

intervals of Dh = 10�, D/ = 15�. The evaluation

procedure is detailed below.

For a strain increment from step n to step n + 1,

the evolution equation (26) may be integrated by

trapezoidal rule to give

ðEijklÞnþ1 � ðEijklÞn
¼ 1

2
ðknþ1 � knÞððP ijklÞnþ1 þ ðP ijklÞnÞ ð30Þ

Assuming that all quantities at step n are known,

(Pijkl)n+1 can be evaluated from

ðP ijklÞnþ1 ¼
2ððEijklÞnþ1 � ðEijklÞnÞ

knþ1 � kn
� ðP ijklÞn ð31Þ

(Eijkl)n+1 is the secant stiffness at the end of the

increment, calculated by performing homogeniza-

tion of micromechanical variables at the end of

the increment followed by unloading to the origin.

The remaining parameter kn+1 is evaluated from
the consistency condition. Eq. (25) yields

F nþ1 ¼ 0

) 1
2
ð�ijÞnþ1ðP ijklÞnþ1ð�klÞnþ1 � jnþ1 ¼ 0 ð32Þ

By substitution of Eq. (31), this becomes

1

2
ð�ijÞnþ1 2

ðEijklÞnþ1 � ðEijklÞn
knþ1 � kn

� ðP ijklÞn
� �

� ð�klÞnþ1 � jnþ1 ¼ 0 ð33Þ

where jn+1(aWdn+1) represents the size of the para-
metric damage surface. a(�ij) is evaluated from Eq.

(28) using the procedure outlined in Section 4.4

and Wd is evaluated for the current increment

using Eq. (A.1). kn+1 is then evaluated from
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knþ1 ¼ kn þ
1
2
ð�ijÞnþ12ððEijklÞnþ1 � ðEijklÞnÞð�klÞnþ1

jnþ1 þ 1
2
ð�ijÞnþ1ðP ijklÞnð�klÞnþ1

ð34Þ
Finally (Pijkl)n+1 is determined from Eq. (31) and

stored in a numerical database. A flow chart of

the parameter evaluation process for the aniso-

tropic damage model is provided in Fig. 11.
5. Stress update algorithm for macroscopic analysis

The anisotropic continuum damage model,

developed from rigorous RVE-based microme-

chanical analysis as discussed in Section 4.3, is

implemented in an incremental small-deformation
macroscopic finite element analysis model. An

important ingredient of this macroscopic model

is the integration algorithm for obtaining stresses

(rij)n+1 at the current strain value (�ij)n+1, assuming

that all necessary variables are known at step n.
The essential steps in this process are itemized

below.

• For the prescribed current strain value (�ij)n+1,
evaluate (Pijkl)n+1 by interpolation in the

discretized strain space of Fig. 10 using Eq.

(29). Similarly determine að�Þ ¼
P4

b¼1abNb

ð�xx; �yy ; �xyÞ.
• If 1

2
ð�ijÞnþ1ðP ijklÞnþ1ð�klÞnþ1 � jnðaðW dÞnÞ 6 0 )

loading without damage In this case, the stres-

ses are updated as

ðrijÞnþ1 ¼ ðEijklÞnð�klÞnþ1 ð35Þ

• Damage evolution takes place when

1

2
ð�ijÞnþ1ðP ijklÞnþ1ð�klÞnþ1 � jnðaðW dÞnÞ > 0 ð36Þ

For this case, (a) determine jnþ1 ¼ 1
2
ð�ijÞnþ1

ðP ijklÞnþ1ð�klÞnþ1 from the consistency condi-

tion.(b) Determine Wd from j–Wd plot.

• From the definition of Wd and using Eq. (26)

_W d ¼
1

2
�ij _Eijkl�kl ¼ 1

2
_k�ijP ijkl�kl ð37Þ

Integrating Eq. (37) with trapezoidal rule

ðW dÞnþ1 � ðW dÞn

¼ 1

2

1

2
ðknþ1 � knÞðð�ijP ijkl�klÞnþ1 þ ð�ijP ijkl�klÞnÞ

� �
ð38Þ

from which kn+1 is determined as

knþ1 ¼ kn þ
4ððW dÞnþ1 � ðW dÞnÞ

ðð�ijP ijkl�klÞnþ1 þ ð�ijP ijkl�klÞnÞ
ð39Þ

• Finally, the secant stiffness and stresses are

updated as

ðEijklÞnþ1 ¼ ðEijklÞn þ
1

2
ðknþ1 � knÞððP ijklÞn

þ ðP ijklÞnþ1Þ

ðrijÞnþ1 ¼ ðEijklÞnþ1ð�klÞnþ1 ð40Þ
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6. Numerical examples with the anisotropic
damage model

The macroscopic finite element model with its

constitutive relations represented by the continuum

damage mechanics (CDM) model is validated by

comparison of results with those obtained by
Fig. 12. Comparison of macroscopic stress–strain curves by Continuu

RVE with circular fiber for load cases (b) L1, (c) L2, (d) L3, (e) L4 a
homogenizing VCFEM solutions in the RVE. The

macroscopic model consists of a single QUAD4 ele-

ment. For the microstructure, three different RVE�s
are considered. These are represented by:

(a) a square domain with a circular fiber of vol-

ume fraction 20% (see Fig. 12a),
m Damage Model and Homogenized Micromechanics for a (a)

nd (f) L5.
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(b) a square domain with elliptical fiber of volume

fraction 18.16% and aspect ratio a
b ¼ 2 (see Fig.

13a), and

(c) a non-uniform RVE with 20 circular fibers of

volume fraction 21.78% (see Fig. 14a). The
construction of a non-uniform RVE with peri-

odic boundary procedure has been explained
Fig. 13. Comparison of macroscopic stress–strain curves by Continu

(a) RVE with elliptical fiber for load cases, (b) L1 (c) L2 (d) L3 (e) L
in details in Raghavan and Ghosh (2004) and

Raghavan and Ghosh (2004). Briefly speaking,

a local extended microstructure is first con-

structed by repeating the set of randomly dis-

tributed fibers that lie in a window in both
the y1 and y2 directions for several period

lengths. For each fiber at (x, y), periodically
um Damage Model and Homogenized Micromechanics for a

4 (f) L5.



Fig. 14. Comparison of macroscopic stress–strain curves by Continuum Damage Model and Homogenized Micromechanics for a (a)

random RVE with 20 circular fiber for load cases, (b) L1, (c) L2, (d) L3, (e) L4 and (f) L5.
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repetitive fibers are placed at (x ± k1X, y),

(x, y ± k2Y) and (x ± k1X, y ± k2Y), where k1,
k2 are integers and X, Y are the periods in

the two directions. The multi-fiber domain is

then tessellated into a network of Voronoi cells

for the entire region and the boundary of the

RVE is generated as the aggregate of the out-

side edges of Voronoi cells associated with
the original set of fibers. The resulting SERVE

will have non-straight line edges corresponding
to non-uniform fiber arrangements. However,

nodes on the RVE boundary, created by this

procedure are periodic, i.e. for every boundary

node a periodic pair can be identified on the

boundary at a distance of one period along

one or both of the coordinate directions.
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Periodicity constraint conditions on nodal

displacements can then be easily imposed by

constraining the node pairs to move identi-

cally.

The material properties of the elastic matrix are

Em = 4.6 GPa, mm = 0.4 and the elastic fiber are

Ef = 210 GPa, mf = 0.3. The interface properties

are dc = 5.0 · 10�5, de = 20 · 10�4 and rm = 0.02

GPa. Five different macroscopic strain paths are

considered for loading conditions, viz.

L1 : �xx 6¼ 0; �yy ¼ �xy ¼ 0 ðReference LoadingÞ

L2 : �xx ¼ �yy 6¼ 0; �xy ¼ 0

L3 : �xy 6¼ 0; �xx ¼ �yy ¼ 0

L4 : �xx ¼ ��yy 6¼ 0; �xy ¼ 0

L5 : �xx ¼ �yy ¼ ��xy 6¼ 0

Periodicity conditions are enforced on the bound-

aries. The parameter j(Wd) is evaluated from the

reference loading (L1) corresponding to uniaxial

tension. The strain states (L2) and (L3) correspond

to biaxial and shear loading conditions respec-

tively, while a combined tension–compression con-
dition is represented by the load (L4). Finally the

load (L5) represents a combination of all strain

components.

The macroscopic stress–strain plots with the

CDM model are compared with the homogenized

micromechanical analyses in Fig. 12b–f. All the

non-zero stress components are plotted for each

of the five loading conditions and excellent agree-
ment is observed. For the biaxial loading, the

interface fails completely at a strain of 0.0025.

After this, the material exhibits a constant stiffness

corresponding to a RVE with a void. In the shear

loaded case, while rxx and ryy are zero prior to the

onset of damage, they continue to increase with

softening and debonding of the interface. This is

due the different interface behavior in tension
and compression. For the tension–compression

case (L4), the behavior is almost linear in compres-

sion, whereas the macroscopic stresses in tension

are significantly lower due to damage. For the

combined straining case, a more complex stress–

strain behavior is observed.
For the RVE(b)containing an elliptical fiber,

the comparisons are depicted in Fig. 13b–f. Once

again, excellent agreement is observed between

the CDM and the micromechanical analyses. The

anisotropy caused by the elliptical shape results
in a significant difference in the composite behav-

ior in different directions. This anisotropy exists

in the undamaged configuration, but gets pro-

nounced with evolving damage because of the sen-

sitivity of the damage path to the interface shape.

Finally, Fig. 14b–f again demonstrate excellent

agreement between CDM and micromechanics

solutions for the RVE (c) with non-uniform fiber
distribution. In this case, the VCFEM mesh is gen-

erated by tessellation of the RVE microstructure.

It is interesting to note that the sharp difference

in stiffness between the damaging and fully dam-

aged states as observed in the previous two RVE�s
is not seen in this case for biaxial loading. The deb-

onding initiation and propagation in this cases is

dispersed in the microstructure and hence a very
gradual reduction of stiffness is observed. The re-

sponse is also more isotropic than the other cases

for this microstructure. In all cases, the CDM

model developed in this work, predicts the true

homogenized damage behavior with high accu-

racy.
7. Conclusions

A robust macroscopic Continuum Damage

Mechanics (CDM) model is developed for unidi-

rectional fiber reinforced composites with interfa-

cial debonding, in this paper. The anisotropic

CDM model using fourth order damage tensor,

in which the stiffness is characterized as an internal
variable, is found to perform most accurately for

this class of materials. The development of the

model involves micromechanical analysis of the

RVE using the Voronoi cell FEM (VCFEM) with

subsequent homogenization. Parameters in the

CDM model, describing the anisotropic stiffness

degradation, vary significantly with evolving dam-

age and microstructural variables. A rigorous cal-
ibration framework for these parameters from

micromechanical analysis is developed, such that

their variations follow the real behavior during
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composite failure. Specifically, a method for con-

structing damage-work dependent, piecewise con-

tinuous, anisotropic damage parameters is

proposed by utilizing incremental loading paths

and discrete data in the strain space. The methods
make it possible to create a microstructure-based

anisotropic damage surface in the strain space

for which a continuous functional representation

is difficult. Numerical examples are conducted

with this CDM for RVE�s with significantly differ-

ent microstructures under a wide variety of load-

ing paths, represented by various strain

combinations. Simultaneously micromechanical
analyses of the RVE-based problems are executed

using VCFEM for subsequent homogenization.

The comparison between CDM and homogenized

micromechanics results show excellent agreement.

Hence the CDM model is deemed suitable for

implementing in macroscopic finite element codes

to represent damage evolution in composites. It

should be emphasized that the computational effi-
ciency gained by this effective CDM model is sig-

nificant when compared with the performance of

two-scale damage models using asymptotic

homogenization like (Fish et al., 1999; Lene and

Leguillon, 1982).

However, the model proposed is restricted by

the assumptions of the existence of a RVE in

the presence of micro-damage. Effectively this
means that it assumes uniformity of macroscopic

variables as well as microscopic periodicity. Bul-

sara et al. (1999) have studied methods of RVE

size determination for non-uniform distribution

with damage. Lacy et al. (1999) have proposed

higher order internal state variables based on

the gradients of mesoscale damage distribution

for RVE containing distributed micro-cracks. It
is well known that catastrophic failure occurs

by the localization of damage, resulting in sever

gradients. The present model will not be applica-

ble in these regions because of its local nature.

These regions would need the models to tran-

scend scales to capture the localized damage

growth as suggested in the multi-scale model of

Ghosh et al. (2001) and Raghavan and Ghosh
(2004). A true multi-scale model with the CDM

model developed in this paper is the subject of

a future paper.
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Appendix A. Scaling parameter for variability in

damage work with load history

In continuum damage mechanics, the total

damage work may be considered as an internal

variable denoting the current state of damage.

The total damage work Wd is expressed as (see

Carol et al., 1994):

W d ¼
Z

1

2
�ij�kl dEijkl ðA:1Þ

In an incremental numerical method used for

determining the evolving damage process, a trape-
zoidal rule may be used to additively calculate the

damage work over n strain increments, given as

W d ¼
Z �1ij

�0ij

1

2
�ij�kl dEijkl þ

Z �2ij

�1ij

1

2
�ij�kl dEijkl

þ � � � þ
Z �nij

�n�1
ij

1

2
�ij�kl dEijkl

¼ 1

2

1

2
ðE1

ijkl � E0
ijklÞð�1ij�1ij þ �0ij�

0
ijÞ

�

þ 1

2
ðE2

ijkl � E1
ijklÞð�2ij�2ij þ �1ij�

1
ijÞ

þ � � � þ 1

2
ðEn

ijkl � En�1
ijkl Þð�nij�nij þ �n�1

ij �n�1
ij Þ

�
ðA:2Þ

The stiffness components Eijkl at the end of each

increment are computed by homogenization of

the corresponding micromechanical variables.

Prior to the onset of debonding, the damage work

will be zero since _Eijkl is zero. As the interface de-

bonds with separation increasing beyond dc, soft-
ening and subsequent debonding causes the
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stiffness degradation rate _Eijkl to be non-zero,

resulting in increase of damage work. The rate
_Eijkl becomes zero once again, when the maximum

interfacial debonding has occurred. The total dam-

age work for any loading path reaches a maximum
value at this arrested debonding position.

The total damage work at the final configura-

tion, corresponding to arrested interfacial deb-

onding, varies considerably with load path or

applied strains. This variability is examined by

analyzing the RVE in Section 4, subjected to dif-

ferent strain paths. Specifically various combina-

tions of �xx 5 0 and �yy 5 0 with �xy = 0 are
considered in this study. For each case, the ratio
�yy
�xx

is maintained at a constant for the entire load

history till the final debonding state has been real-

ized. In Fig. 7 the final total damage work (W F
d ) in

the RVE is plotted as a function of the applied

strain combination, represented by the angle

h ¼ tan�1 �yy
�xx

for each applied strain combination.

For each load path, the strains may be expressed
by a vector in the two dimensional strain space

with components (�xx ¼ r cos h, �yy ¼ r sin h) for

increasing r, as shown in Fig. 7 (inset). In this dia-

gram, the case h = 0� corresponds to uniaxial ten-

sion in the x direction while h = 225� corresponds
to a state of pure biaxial compression. A system-

atic sequence on RVE-based micromechanical

analysis is performed in 10� increments of h,
and the corresponding W F

d is recorded. Significant

variation in W F
d is seen as a function of the strain

path. All angles between h = 0� and h = 90� corre-
spond to some amount tension in both directions,

for which almost all points on the interface finally

debonds. Hence the work W F
d is relatively inde-

pendent of h in this range. For angles h > 90�,
there is some amount of compression in either
one or both directions, which leads to only a par-

tial debonding of the interface in the final config-

uration. This results in a reduction of W F
d . For

h = 225�, all points on the interface are in pure

compression and W F
d ¼ 0. It is interesting to note

that the variation of W F
d from h = 90� and

h = 360� is symmetric about h = 225�. Altenbach

et al. (2001) have also observed a similar load
dependence of hardening in plastic behavior of

grey cast iron and have introduced a stress-based

correction factor.
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