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Abstract

Numerical conformal mapping (NCM) is an effective method for transforming arbitrary polygonal domains into a regular domain such as a
unit circle. This paper incorporates NCM-based stress functions in the Voronoi cell finite element model (VCFEM) for modeling microstructures
with irregular shaped heterogeneities. Additional stress function components using the multi-resolution wavelet bases are also introduced to
enrich stress functions in regions of sharp corners. The resulting enhanced model, termed as NCM–VCFEM, is able to effectively analyze
real micrographs of heterogeneous materials with irregular shapes that have considerable effects on the evolution of stresses, strains and local
damage. To optimize the use of the expensive NCM–VCFEM elements for the entire microstructure, a method of identification of heterogeneities
that cannot be approximated as ellipses is first developed. Subsequently, a tessellation process is devised to accommodate arbitrary shapes in the
VCFEM mesh. Validation studies comparing the results of NCM–VCFEM simulations with other numerical and analytical results demonstrate
the effectiveness of NCM–VCFEM.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Mechanical properties of heterogeneous materials, widely
used in automotive, aerospace and other engineering systems,
depend on morphological characteristics like size, shape and
spatial distribution of heterogeneities. The Voronoi cell finite
element model (VCFEM), developed by Ghosh et al. [1–7]
has been very effective in modeling heterogeneous microstruc-
tures of composite and porous materials with heterogeneities
(fibers, particles or voids) of regular shapes like circles and el-
lipses. While the name Voronoi cell has been historically used
because of its association with point seeds in the tessellation
process, the cells used in VCFEM are in general arbitrary and
do not conform to the strict definitions of Voronoi cells. In
VCFEM, each cell with embedded heterogeneities represents
the neighborhood or regions of influence for the heterogeneity.
Each cell consisting of a heterogeneity and its neighborhood
surrounding matrix, as shown in Fig. 1c, is treated as a single
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super-element and requires no further subdivision for variable
interpolation further subdivision. VCFEM incorporates an as-
sumed stress hybrid formulation. Independent assumptions are
made for equilibrated stress field in the interior of each ele-
ment including the matrix and inclusion phases. Furthermore,
compatible displacement fields are assumed on the cell element
boundary as well as on the matrix-inclusion interface. Incor-
poration of known functional forms for regular heterogeneities
from analytical micromechanics makes this element very effec-
tive for micromechanical analyses and substantially enhances
its convergence.

Heterogeneities in real materials often have very irregular
shapes as seen in the micrograph of a cast Aluminum alloy in
Fig. 1(a). Shen et al. [8] have evaluated the effective elastic re-
sponse of composites with polygonal inclusions. The classical
Eshelby’s inclusion problem for polygons and polyhedra have
been solved by Rodin [9] and Kawashita and Nozaki [10] for
an infinite elastic body. Analysis methods for polygonal het-
erogeneities with built-in singularities at the sharp corners have
been developed in [9,11]. Tsukrov and Novak [12] have
developed a finite element analysis method using numerical
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Fig. 1. (a) SEM micrograph of a cast aluminum alloy Al319 microstructure with irregular silicon particulates, (b) a filtered black and white image micrograph
with superposed equivalent elliptical contours and (c) the equivalent microstructure of elliptical particles meshed using modified Voronoi tessellation.

conformal mapping (NCM) to calculate effective elastic prop-
erties of materials with irregular shaped heterogeneities. The
method is very effective for predicting the macroscopic proper-
ties of material but it does not deal with local stress concentra-
tions. Ishikawa and Kohno [11] have used conformal mapping
and the Goursat stress functions to analyze the stress singular-
ity at the corner of rigid square inclusion in the infinite plate. In
this paper, an NCM-based Voronoi cell FEM or NCM–VCFEM
is developed for analysis and local stress distributions in mi-
crostructures having arbitrary shaped heterogeneities. Shape-
based stress functions are developed in NCM–VCFEM using
the Schwarz–Christoffel transformations [13,14] for mapping
arbitrary polygons to a unit circle. The resulting stress functions
conform to the shape of the interface in its vicinity and decays
rapidly with distance away from the interface. Very high stress
gradients develop in the vicinity of sharp corners in the inter-
face. Even at distances away from the interface, the quality of
solution is affected by the choice of the stress functions. Wavelet
basis functions [15,16] are very effective for problem with high
solution gradients and have been used in [7] to model mov-
ing singularities with evolving cracks. Multi-resolution wavelet
bases are consequently used to enrich stress representations in
the neighborhood of the corners and capture the steep stress
gradients.

This paper starts with a brief introduction of microstructure
simulation for optimal representation, followed by tessellation
for generating the NCM–VCFEM mesh. The VCFEM formu-
lation with NCM implementation is then discussed for hetero-
geneities of arbitrary shapes. Numerical examples are finally
conducted to validate the accuracy of NCM–VCFEM in com-
parison with analytical and numerical solutions using commer-
cial codes.

2. The VCFEM preprocessor for microstructures
containing irregular shaped heterogeneities

Dirichlet tessellation of a planar domain is defined as
the subdivision of a plane containing a dispersed set of

points such that each point has associated with it a region
of plane that is closest to it than to any other [17,18]. Let
P = {p1, . . . , pi, . . . , pn; 2�n < ∞} represent a set of n in-
dependent points or seeds, dispersed in plane with coordinates
xi �= xj ∈ R2, ∀i �= j ; i, j ∈ In. The region defined as

Vi = {x : ‖x − xi‖�‖x − xj‖∀j �= i, j ∈ In} (1)

represents a Voronoi polygon associated with the point gener-
ator pi ⊂ R2. The Voronoi polygon V (pi) encompasses all
points whose distances to pi are less than the distance to any
other point pj in the 2D space. Each polygon is the intersec-
tion of open half planes bounded by perpendicular bisectors of
lines joining a generator pi with each of its neighbors pj . The
boundary segment Bij , common to polygons Vi and Vj , are
nearer to the points pi and pj than to any other labeled point
in the domain and is denoted as

Bij = {x : ‖x − xi‖ = ‖x − xj‖�‖x − xk‖∀k �= i, j}. (2)

Subsequently, the vertex vijk common to polygons Vi , Vj and
Vk is equidistant from three or more generating points pi , pj

and pk

vijk = {x : ‖x − xi‖ = ‖x − xj‖ = ‖x − xk‖
�‖x − xl‖∀l �= i, j, k}. (3)

The aggregate of all polygons, represented by the set V =
{V1, . . . , Vn} represents a Voronoi mesh generated for the point
set P. For real materials like composites, porous materials or
alloys with precipitates and inclusions, the heterogeneities can
rarely be approximated as points. A micrograph of a cast alu-
minum alloy Al-319 consisting of intermetallics and Si partic-
ulates is shown in Fig. 1a. Fig. 1b is a black and white image
of the microstructure obtained after filtering out noise in the
micrograph using thresholding techniques [19]. Accurate rep-
resentation of the shape and size of heterogeneities is needed
to model these microstructures for material properties. Equiv-
alent microstructures, with heterogeneities of arbitrary shapes
approximated as ellipses (in 2D) or ellipsoids (in 3D), have
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been generated in [20–22]. In this process, the zeroth order
moment (I0), the first order moments (Ix, Iy), and the second
order moments (Ixx, Iyy, Ixy) of the digitized heterogeneity in
the micrographs are equated with those for the equivalent el-
lipses or ellipsoids. In 2D, the moments of the digitized hetero-
geneity (dh) are computed as the sum of moments of all pixels
contained within its boundary, i.e.

dhI0 =
# of pixels∑

I=1

AI (a),

dhIx =
# of pixels∑

I=1

xIAI ,
dhIy =

# of pixels∑
I=1

yIAI (b),

dhIxx =
# of pixels∑

I=1

y2
I AI ,

dhIyy =
# of pixels∑

I=1

x2
I AI ,

dhIxy =
# of pixels∑

I=1

xI yIAI (c), (4)

where xI , yI , AI correspond to the centroidal coordinates and
area of the I th pixel in the image. The procedure yields the
centroid (xc, yc), the major and minor axes (a, b), and angular
orientation � of the major axis of the equivalent ellipse in the
following sequence:

• First, the centroidal coordinates are evaluated using equa-
tions

xc =
dhIx

dhI0
; yc =

dhIy

dhI0
. (5)

• Next, the second moments are written in terms coordinates
with origin at xc, yc as dhI c

xy,
dhI c

yy,
dhI c

xy . The ellipse orien-

tation � corresponds to that for which the rotated dhI c′
xy = 0,

where the superscript c′ corresponds to a centroidal coordi-
nate system that is oriented along the principal axes of the
ellipse. The major axis orientation is given as

� = 1

2
tan−1

( −2dhI c
xy

dhI c
xy − dhI c

yy

)
. (6)

• Finally, the lengths of the major and minor axes (a and b) are
calculated from moments in the rotated coordinate system as

b =
(

4dhI c′
xx

dhI0

)1/2

and a =
dhI0

�b
. (7)

Fig. 1b shows the contours of the resulting ellipses in the equiv-
alent microstructure, constructed by this process, overlapped
by the real contours. While the difference between the real and
equivalent boundary contours may not be appreciable for many
inclusions, it can be large for a few inclusions.

Voronoi tessellation methods have been augmented in
[6,22,23] to accommodate elliptical or ellipsoidal shapes of
different sizes. Interference with heterogeneities of finite size
is avoided by surface-based tessellation algorithms followed

Table 1
Error measures used in the criteria for determining non-elliptical inclusions

Inclusion No. eIyy (%) Irregularity factor (IF) = � · �
1 15.6 0.151
2 24.5 0.229
3 36.3 0.271
4 22.2 0.206
5 26.8 0.254
6 4.8 0.357
7 3.4 0.356
8 3.3 0.327

by minor edge re-orientation. A tessellated domain for the
equivalent microregion of Fig. 1b with 49 elliptical inclusions
is shown in Fig. 1c. It is advantageous to represent inclusions by
elliptical shapes for inclusions from a modeling point of view.
Significant computational efficiency can be achieved in the
Voronoi cell finite element modeling when the interface is rep-
resented as an ellipse due to their well known properties and mi-
cromechanics results, as discussed in [1,2]. However, when the
shapes differ significantly, e.g. inclusions 2, 3, and 5 in Fig. 1b,
elliptical representation will lead to erroneous predictions in
local stresses and strains. Hence, it is necessary to retain their
complex shape without simplifications, even though the asso-
ciated cost of analysis is considerably higher than their ellip-
tical counterparts. Thus, the minimum number of inclusions
that cannot be approximated as ellipses is decided prior to tes-
sellation to facilitate efficient VCFEM-based simulation. Two
criteria are set to distinguish between heterogeneities that can
be approximated as ellipses from those that cannot. The first
criterion is based on the error in the second order moment Iyy

that is not used in the parameter evaluation of Eqs. (6) and (7).

eIyy (%) = (dhIyy−ellipseIyy)

dhIyy

∗ 100. (8)

The error eIyy for different inclusions in Fig. 1b are tabulated in
Table 1. eIyy is large for inclusions that are visually not close to
the elliptical shape. A second shape-based criterion, involving
roundness (�) and edge smoothness (�) of the image [19,24]
is also used. Roundness (� = 4A/�d2

max) is a measure of how
close the heterogeneity is to a circle. It is effective for hetero-
geneities of arbitrary shape for which the aspect ratio is not
well defined. �i varies from 1 for circular shapes to 0 for highly
elongated phases. The edge smoothness (�=√4�2Admax/P 3),
is a measure of surface irregularities, e.g. sharp corners, even if
it has an overall high roundness. Here A is the area, dmax is the
farthest distance between two points on the boundary and P is
the perimeter. � closer to 0 indicates a large number of surface
irregularities. Using the above shape parameters, a criterion is
defined for a heterogeneity to be represented as an ellipse as

Irregularity factor (IF) = � ∗ ��specified tolerance. (9)

IF varies between 0.0 and 1.0. The product compounds the
effect of the individual parameters to signal departure from
smooth low aspect ratio elliptical shapes. In this study, the
tolerance is taken as 0.3. The values of IF for the 8 inclusions
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Fig. 2. A VCFEM mesh by modified Voronoi tessellation for the simulated micrograph with (a) all particles simulated as ellipses and (b) minimum number
of particles of arbitrary shapes and the rest ellipses.

are again calculated in Table 1. Both of these criteria in Eqs. (8)
and (9) infer that the inclusions 1–5 cannot be approximated
as ellipses.

2.1. Modified tessellation for heterogeneities of irregular
shapes

Modifications in the tessellation algorithms for elliptical in-
clusions in [6,22,23] are needed for heterogeneities of irregular
shapes. This is based on a divide and conquer algorithm, as
described below:

1. Inclusions of irregular shape are represented as multi-sided
polygons. Polygonal inclusions are constructed with the low-
est possible number of sides for which the difference in area
from the parent digital image, obtained by adding included
pixel areas, is a minimum.

2. Each polygon is encased in the smallest possible square,
which is discretized into a n ∗ n uniform square grid. The
number n is chosen such that the size of each subgrid square
is smaller than the smallest polygon edge.

3. Core regions of square elements belonging to each polygon
are retained by eliminating all the subgrid squares that are
external to the area enclosed by each polygon. Intersection of
each subgrid with the polygon edges is checked for retention.
The core subregion for each polygon is further divided into
non-intersecting rectangles of the biggest possible size.

4. Each rectangle is inscribed within the largest possible ellipse.
This intermediate microstructure containing only elliptical
shape inclusions (see Fig. 2a) is tessellated by the mesh gen-
erator for elliptical particles that is developed in [6,22,23].

5. The tessellated Voronoi polygons surrounding the compo-
nent ellipses are merged to generate the final Voronoi poly-
gon for each irregular shaped heterogeneity as shown in
Fig. 2b.

This microstructure with tessellation constitutes the input mesh
for the VCFEM.

3. NCM–VCFEM for micromechanics of irregular
heterogeneities

VCFEMs have been developed for a wide variety of
micromechanics problems in [1–3,7]. Only the essential for-
mulation is summarized here for completeness in the context of
discussing the NCM implementation for heterogeneities of
irregular shapes. The assumed stress hybrid formulation in
VCFEM allows independent interpolations of equilibrated
stress fields �m

ij in the matrix phase �m and �c
ij in the inclusion

phase �c of each Voronoi cell element �e. Stress interpolations
in each phase are expressed as

{�m} = [Pm]{�m} in �m and {�c} = [Pc]{�c} in �c. (10)

The matrices [Pm] and [Pc] in 2D may be obtained from equili-
brated stress functions like the Airy’s stress function, and {�m}
and {�c} are unknown coefficients to be solved. In addition,
independent compatible displacement fields ue

i and uc
i are as-

sumed on each Voronoi cell element boundary ��e and on the
matrix-inclusion interface ��c, respectively, and are interpo-
lated as

{ue} = [Le]{qe} on ��e and {uc} = [Lc]{qc} on ��c.

(11)

The complimentary energy functional for each element is ex-
pressed in terms of the internal stresses and boundary displace-
ments as

�e(�
m
ij , �

c
ij , u

e
i , u

c
i ) = −

∫
�m

Bm(�m
ij ) d� −

∫
�c

Bc(�c
ij ) d�

+
∫
��e

�m
ij n

e
ju

e
i d�� −

∫
	te

t̄iu
e
i d	

−
∫
��c

(�m
ij − �c

ij )n
c
j u

c
i d��. (12)

For linear elasticity, B = 1
2Sijkl�ij�kl is the complementary

energy density with Sijkl the compliance tensor, and t̄i is the
prescribed traction on the boundary 	te. Vectors ne and nc are
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the outward normal on ��e and ��c, respectively. The total
potential energy functional for all elements in the ensemble,
containing N Voronoi cell elements is expressed as

� =
N∑

e=1

�e. (13)

Substituting the stress interpolations in (10) and the displace-
ment interpolations (11) in Eq. (12), and setting the variations
with respect to the stress coefficients �m and �c, respectively,
to zero, results in the weak form of the element kinematic
relation:[∫

�m
[Pm]T[Sm][Pm] d� [0]

[0] ∫
�c

[Pc]T[Sc][Pc] d�

]{
�m

�c

}

=
[∫

��e
[Pm]T[ne][Le] d�� − ∫��c

[Pm]T[nc][Lc] d��

[0] ∫
��c

[Pc]T[nc][Lc] d��

]

×
{

qe

qc

}
.

The kinematic Eq. (14) can be expressed in a condensed form
as the matrix equation[

Hm 0
0 Hc

]{
�m

�c

}
=
[

Ge −Gmc
0 Gcc

]{
qE

e

qI
e

}
∀e = 1, . . . , N . (14)

Subsequently, setting the first variation of the total energy func-
tional � in Eq. (13) with respect to {qe} and {qc} to zero, results
in the weak form of the traction reciprocity conditions:

N∑
e=1

[ ∫
��e

[Le]T[ne]T[Pm] d� 0

− ∫��c
[Lc]T[nc]T[Pm] d�

∫
��c

[Lc]T[nc]T[Pc] d�

]

×
{

�m

�c

}
=

N∑
e=1

{∫
	t

[Le]T{t̄} d�
{0}

}
. (15)

Substituting Eq. (14) in the global traction reciprocity Eq. (15)
yields the matrix equation:

N∑
e=1

[
Ge −Gmc
0 Gcc

]T [Hm 0
0 Hc

] [
Ge −Gmc
0 Gcc

]{
qe

qc

}

=
N∑

e=1

{∫
	t

[Lm]T{t̄} d�
0

}
. (16)

With known tractions and displacements on 	t and 	u,
respectively, the global traction reciprocity condition (16) is
solved for the generalized displacements.

3.1. Special stress functions accounting for shape of
heterogeneities

An important criterion affecting the convergence of the multi-
phase Voronoi cell elements is the optimal representation of
stress fields in each constituent phase. Equilibrated stresses
in VCFEM are obtained from the second derivatives of stress
functions (e.g. Airy’s function in 2D) with respect to x and y

coordinates. It has been observed in [1] that even very high or-
der polynomials in a pure polynomial representation of stress
functions are not able to efficiently account for the shape of
the matrix-inclusion interface, resulting in poor convergence
characteristics. In [1–3], special matrix stress functions have
been developed from analogous micromechanics solutions to
enhance element efficiency and convergence properties. Con-
ditions that govern the choice of these stress functions are:

1. For matrix stress functions, shape effects should be strong
near the interface and recede with increasing distances
from it.

2. Consideration of shape effects in matrix stress functions
should facilitate traction reciprocity at the matrix-inclusion
interface.

Consequently, the matrix stress function in [1–3] is decomposed
into two parts, i.e. 
m = 
m

poly + 
m
rec. The pure polynomial

function 
m
poly accommodates the far field stress in the matrix.

The reciprocal function 
m
rec follow from the analytical stress

solutions derived by Muskhelishvili [25]. It facilitates interfa-
cial stress concentration, while accounting for its shape, and
decays with increasing distance from the interface. Inclusion
stress functions are interpolated using pure polynomial func-
tions, i.e. 
c

poly. The polynomial stress functions are written in
terms of scaled local coordinates (�, �) with origin at the ele-
ment centroid (xc, yc), as


m
poly =

∑
p,q

�p�qm
pq and 
c

poly =
∑
p,q

�p�qc
pq , (17)

where

� = (x − xc)/Le, � = (y − yc)/Le (18)

and the scaling parameter for each element is Le =√
max(x − xc) × max(y − yc) ∀(x, y) ∈ ��e. The use of the

local coordinates (�, �) instead of global coordinates (x, y)

prevents ill conditioning of the stiffness matrix due to high ex-
ponents of (x, y) in 
m and 
c. The reciprocal stress function

m

rec is expressed as


m
rec =

∑
p,q

�p�q
n∑

i=1

1

f̂ p+q+i−1
m

pqi

=
∑
p,q

�p�q

(
m

pq1

f̂ p+q
+ m

pq2

f̂ p+q+1
+ · · ·

)
(19)

in which a radial function f̂ (x, y) is constructed to posses the
properties

f̂ (x, y) = 1 on ��m
c and

1

f̂ (x, y)
→ 0 as (x − xc, y − yc) → ∞. (20)

For elliptical heterogeneities defined by the equation x2/a2 +
y2/b2 = 1, a conformal mapping function may be used to con-
struct the radial function through a map of the elliptical do-
main onto a unit circle. Following [25], the function is given
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as f̂ =
√

�2 + �2, where the transformed coordinates (�, �) are
obtained as solutions to the complex quadratic equation:

(� + i�)2 − 2(x + iy)(� + i�)

(a + b)
+ (a − b)

(a + b)
= 0. (21)

The analytical conformal mapping function will not hold when
heterogeneities discussed in Section 2 cannot be approximated
as ellipses. A special method is needed for constructing a map-
ping function, which maps an arbitrary shape to a circular do-
main of unit radius.

3.2. NCM for constructing the radial functions

NCM using the Schwarz–Christoffel transformation, has
been developed by Trefethen and Driscoll [13,14] and has
proven to be a very useful method in mapping any arbi-
trary shape to a unit circle. Square shaped inclusions have
been effectively transformed by NCM in [11]. Effective elas-
tic properties of solids with defects and pores of irregular
shape have been evaluated using NCM in [12,26]. The present
work implements numerical conforming mapping using the
Schwarz–Christoffel transformation to generate stress function
for heterogeneities with arbitrary shapes. Conformal map-
ping involves a one-to-one mapping of an open region in the
complex plane to another by an analytic function, while pre-
serving angles between intersecting arcs. Schwarz–Christoffel
transformation is based on the following postulate:

• Let D be a simply connected region in a complex polyg-
onal plane bounded by a polygon P with N vertices
at w1, w2, . . . , wN having exterior angles �k , where
−1�k �1. Then there exists an analytic function f (z)

which maps the unit disk in the complex canonical plane
conformally onto D that can be written as (see [27])

w = f (z) = A + C

∫ z

0

N∏
k=1

(
1 − �

z k

)−k

d�, (22)

where A and C are complex constants (C �= 0). Here z=�+i�
corresponds to a point in the complex canonical plane and
w=x+iy is its corresponding map in the complex polygonal
plane. The function f (z) maps the inside of a polygon to the
inside of a unit circle and z1, z2, . . . , zN are ‘pre-vertices’
on the boundary of the unit circle. However, in VCFEM,
the reciprocal function 
m

rec is needed for the matrix region
outside of the polygonal inclusion. Consequently, a modified
Schwarz–Christoffel transformation that maps the exterior
of a polygon to the interior of a unit circle is utilized as
suggested in [14]. The corresponding transformation is

w = f (z) = A + C

∫ z

0
�−2

N∏
k=1

(
1 − �

z k

)−k

d�. (23)

Fig. 3(a) shows a typical Voronoi cell element containing
a polygonal heterogeneity. The forward (f (z)) and inverse
(g(w)) mapping of the matrix region outside of the hetero-
geneity onto the inside of a unit circle is shown in Figs. 3(b)

and (c). Due to the lack of a continuous functional represen-
tation of the heterogeneity boundary, it is not possible to im-
plement this transformation analytically, and hence an NCM
is implemented. Developments in this work follow a com-
putationally efficient and accurate algorithm developed in
[13,14]. This algorithm, depicted in the flow chart of Fig. 4,
consists of three major tasks that are discussed below:

1. Parameter evaluation: This task entails evaluation of the
mapping parameters C and zk’s for a polygon P by solv-
ing Eq. (23) with known at w1, w2, . . . , wN . The set of
‘accessory’ parameters uniquely define the mapping func-
tion for P. In Eq. (23) there are N + 2 unknowns (2 from
the real and imaginary parts of C and N values of zk). It
is important to suppress the rigid body modes of P by im-
posing three constraints (in 2D), prior to evaluating these
parameters. In the exterior map, two degrees of freedom
are naturally constrained, since the center of the unit cir-
cle in canonical domain is mapped to infinity in polygo-
nal domain, i.e. f (0)=∞. The third degree of freedom is
suppressed by imposing an added constraint zN =1. Thus,
a total of N − 1 equations should be solved to evaluate
the accessory parameters. For a closed polygon, the loca-
tions of the pre-vertices (zk) are related to the lengths of
the edges of the polygons and their ratios are used in the
evaluation. From Eq. (23), the distance between vertices
at wj and wj+1 is expressed as

|wj+1 − wj | =
∣∣∣∣∣C
∫ zj+1

zj

f ′(�) d�

∣∣∣∣∣ . (24)

The parameters C can be eliminated using the ratio of the
lengths, resulting in a set of (N − 3) equations

∣∣∣∫ zj+1
zj

f
′
(�) d�

∣∣∣∣∣∣∫ z2
z1

f
′
(�) d�

∣∣∣ = |wj+1 − wj |
|w2 − w1| , j = 2, 3, . . . ,

N − 2. (25)

Two more equations are needed to solve for the N − 1
parameters. The analytic or holomorphic mapping func-
tion f (z) requires it to be infinitely differentiable at each
point in the domain R and hence its residue about any
point in region R should be zero. For a given function f (z)

with a pole of order m at z=z0, the residue is expressed as

Res(z=0)f (z) = 1

(m − 1)!
dm−1

dzm−1 [(z − z0)
mf (z)]z=z0 .

(26)

The analytical expression for f ′(z) in the Schwarz–
Christoffel transformation is

f ′(z) = Cz−2
N∏

k=1

(
1 − z

zk

)−k

(27)
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0.46

0.37
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Fig. 3. (a) A basic Voronoi cell element including an irregular polygonal inclusion, (b) contour plot of the inverse mapping function in a complex polygonal
plane, and (c) contour plot of the mapping function in a complex canonical plane for numerical conformal mapping (NCM).

which has a pole of order 2 at z = 0. For this mapping to
be analytic, the residue of f ′(z) at z = 0 should be zero.
Using Eqs. (26) and (27), this condition becomes

Res(z=0)f
′(z) = d

dz

(
C

N∏
k=1

(
1 − z

zk

)−k

)
z=0

= C

N∑
k=1

k

zk

= 0. (28)

Eqs. (25) and (28) together form a system of (N − 1)

non-linear equations to be solved. An additional constraint
needs to be imposed on the vertex coordinates zk =rei� =
ei�, since the radial coordinate r =1 on the circumference
of the unit circle. Starting with a chosen vertex as the
reference, i.e. �1 = 0, the vertices may be arranged in an
ascending order of angular coordinates as

0 = �1 < �k < �k+1 < �N−1 = 2�, 1�k�N − 1.

(29)

A simple transformation in terms of a new variable
�k can relax the above constraint to facilitate the

solution process.

�k = log

(
�k − �k−1

�k+1 − �k

)
, 1�k�N − 1. (30)

A quasi-Newton non-linear solver that uses steepest de-
scent search in early iterations is used to solve for the
mapping parameters [13].

2. Forward mapping: This mapping w = f (z) in Eq. (23)
from the unit circle to the outside of the polygon, deter-
mines the image w=x+ iy in polygonal plane for a given
point z =�+ i� in complex canonical plane. The integral
in Eq. (23) may be evaluated over a line joining one of
the pre-vertices zk to any point z in the canonical plane.
A linear integration path can be chosen, because any line
joining a boundary point to interior point of the circle will
be entirely contained in it.

3. Inverse mapping: An inverse mapping z=g(w) is invoked
to find the image z = � + i� in complex canonical plane
for a given point w=x + iy in polygonal plane, as shown
in Figs. 3(b) and (c). Evaluation of the inverse map is
more involved than the forward map. This requires the
evaluation of z = g(w) for given values of w. As the
form of function g(w) is not known a priori, a non-linear
equation w = f (z) needs to be solved to find the inverse
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Fig. 4. Flow chart of operations in the numerical conformal mapping (NCM)
routine in VCFEM.

map. This is accomplished in a two step process. Taking
the derivative of Eq. (23) with respect to w, yields

dz

dw
= 1

C

N∏
k=1

(
1 − z

zk

)k

. (31)

If a vertex and its map (z0, w0) are known, then z=g(w) at
any other point can be computed by numerically solving
this ordinary differential equation. For computational ef-
ficiency, the pair (z0, w0) is chosen from a set of points on
the boundary such that |w−w0| is a minimum. The above
differential equation is then solved by the Runge–Kutta
method with (z0, w0) as the initial conditions. The result-
ing solution obtained using a high tolerance is taken as an
initial estimate of the solution. The final solution is ob-
tained by a Newton–Raphson-based iterative solver with
a tight tolerance. The plot of inverse mapped domain is
shown in Fig. 3(c).

An important aspect of the NCM algorithm is fast and accurate
evaluation of Schwarz–Christoffel integral of Eq. (23), since it
is evaluated in every step of NCM for parameter evaluation,

forward map and inverse map. The basic form of the integral is∫ +1

−1
f (x)(1 − x)�(1 + x), −1 < �,  < 1. (32)

Endpoint singularities arise with this equation for negative
values of the exponents (�, ). The Gauss–Jacobi quadrature
formula is proposed in [13] as a modification to the Gauss
quadrature method for numerical integration of kernels with
singularities. However, the accuracy of integration decreases
drastically if another singularity is present in the vicinity of in-
tegration interval. For maintaining high accuracy without giving
up efficiency, a modified compound Gauss–Jacobi quadrature
is used in this paper. In this method no singularity zk can lie
closer to an interval of integration, than half the length of that
interval. For endpoints that have nearby singularities, the inter-
val will be subdivided until the above constraint is satisfied. On
a short subinterval adjacent to an endpoint, the Gauss–Jacobi
quadrature is applied. On longer intervals away from the end-
point, pure Gaussian quadrature is used for integration.

3.3. Implementation of the NCM in NCM–VCFEM

The NCM described above, is used to construct the radial
function f̂ (x, y) to be incorporated in the reciprocal stress func-
tion (19) for arbitrary polygonal heterogeneities. The inverse
mapping function 1/|g(w)| possesses the properties required
of the radial function f̂ (x, y), stated in conditions (20). Some
of the algorithmic implementations are discussed below.

3.3.1. Integration scheme for [H] and [G] matrices
The accuracy of VCFEM depends on the accuracy with which

the [H] & [G] matrices in Eqs. (14) and (16) are evaluated
by numerical integration over �m, �c, ��m and ��c. Singular
integrals of known form may be evaluated by extensions of
the Gauss quadrature rule for Cauchy principal value integrals
and hyper-singular integrals [28]. However, the precondition
of knowing the form of singularity has restricted its use in
the present case. A method of generating discretization based
on gradient of reciprocal function is used for the numerical
integration of these equations. The domains �m, �c, ��m and
��c in each element are subdivided into an integration grid
with two major considerations.

1. The layout of the underlying integration grid is constructed
from the consideration of the functional forms of the inte-
grand and its local gradients. The reciprocal functions of
Eq. (19) containing 1/f̂ (x, y)p+q+i−1 in the matrix domain
�m necessitates a discretization scheme that can account for
the high gradient of these functions near the interface ��c.
Since �m may be of any arbitrary shape, the integration grid
is generated by an NCM-based algorithm as shown in Fig. 5.
Through the inverse mapping procedure z=g(w), the matrix
domain �m is mapped to the annular region with the inter-
face ��c mapped onto the outer circumference of the unit
circle. The mapped annular region is first discretized into
a set of subregions. Radial lines are generated from points
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Fig. 5. Creation of subdomains for integration in the matrix domain �m.

on the circle boundary to its center and each line segment
between the two boundaries is subdivided into segments of
equal length. The grid in the mapped domain is then created
by joining the edges of these line segments in the circumfer-
ential direction. This grid is mapped back to actual domain
�m using the transformation function (23). The inherent na-
ture of this mapping function transforms a radially uniform
grid in circular domain to a graded integration grid with high
grid density near the interface in �m.

2. For area integration, the number of Gauss quadrature points
depends on the order of the polynomial function of the inte-
grand and its local gradients. Optimal assignment of integra-
tion points can add to computational efficiency. The number
of quadrature points for quadrilaterals in the subgrid that are
far from the interface is decided by the order of the pure
polynomial in stress function �m. The number of quadra-
ture points is increased linearly, moving inwards from the
element boundary to the interface.

Numerical integration over the arbitrary shaped inclusions �c
is conducted by applying Gauss quadrature over a triangular
subgrid as shown in Fig. 6. The integration grid for a concave
polygon is generated by first breaking it down to convex sub-
polygons and subsequent triangularization of these convex do-
mains about their centroid. The number of quadrature points is
determined from the order of the polynomial �c.

Line integrations along ��m and ��c are evaluated by 1D
Gauss quadrature along the element boundary. A special treat-
ment is required for the integration along ��c due to the high
gradient of stress functions near corners. Smaller segments are
created near the corners using a graded subdivision. This as-
sures higher density of integration points near the corners. The
same order of Gauss quadrature is used in all the segments be-
cause computational cost for line integration is only of order
O(n), compared to order O(n2) for area integration.

The overall computational efficiency of NCM–VCFEM de-
pends on number of integration points. For example, the evalu-
ation of [Pm] using inverse mapping (see flow chart 4) is done
at every integration point and consequently the CPU time taken
for its evaluation is significant in comparison with the total
analysis time. However, this evaluation is done only once at the
beginning of analysis. Therefore, even though the advantage

Fig. 6. Creation of subdomains for integration in the inclusion domain �c,
with high density of integration points near sharp corners.

with efficiency may not be so obvious for elastic problems with
a single time step, the efficiency will be significantly improved
in non-linear problems involving multiple time steps.

3.3.2. Stability conditions and adaptivity in VCFEM
Stability conditions for VCFEM and adaptivity using error

analysis have been discussed in [2] and the same conditions are
applied in this analysis. For stability, the matrix [H] in Eq. (14)
should be positive definite, for which the necessary condition is
that the compliance tensor [S] be positive definite. Additional
stability conditions should be satisfied to guarantee non-zero
stress parameters � for all non-rigid body displacement fields
on the element boundary or interface. This is accomplished
by choice of the dimensions of the stress and displacement
subspaces, i.e. nm

 > nE
q −3 and nc

 > nc
q −3. Here (nm

 , nc
) and

the stress degrees of freedom in the matrix and inclusion and
(nE

q , nc
q − 3) are the displacement degrees of freedom on the

element boundary and interface, respectively.
As discussed in [2], the VCFEM formulation inherently has

two sources of errors in the formulation due to weak satisfaction
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of the governing equations. These are (i) the error in traction
reciprocity at the element and interface boundaries and (ii) the
error in strain–displacement or kinematic relations. The error in
traction reciprocity is enhanced in the presence of sharp corners
with traction discontinuity. As discussed in [2], displacement
adaptations are implemented through boundary refinement by
h-adaptivity and polynomial enrichment by p-adaptivity to re-
duce this error. In addition, the kinematic error can be reduced
by stress function enrichment as done in [2].

4. Multi-resolution wavelet functions for heterogeneities
with sharp corners

Sharp corners in the polygonal inclusion lead to high stress
gradients in its vicinity. Simple stress field representation in
terms of high order polynomial function is not adequate to cap-
ture the stress gradient. Fig. 14 shows a comparison of the stress
distribution obtained by a VCFEM simulation using polyno-
mial and NCM-based reciprocal stress fields (case 1) with that
generated by an ABAQUS simulation using a very high reso-
lution mesh with large degrees of freedom. It is evident that
there is significant discrepancy between these two solutions and
the NCM–VCFEM solution needs to be augmented. The use of
high order polynomial interpolations in NCM–VCFEM gives
rise to instabilities and leads to oscillations in the stress solu-
tion. To avert this behavior, a local stress function augmenta-
tion using multi-resolution wavelet functions is implemented.
Multi-resolution wavelet stress functions have been recently
incorporated into an extended VCFEM or X-VCFEM formu-
lation in [7] to model multiple cohesive crack propagation.
Wavelet bases are L2(R) and generally have compact support
[15,16]. Only the local coefficients in wavelet approximations
are affected by sharp changes in the solution, which makes the
wavelet basis a desirable tool for problems with high solution
gradients. In this paper, multi-resolution wavelet functions of
[7] are used to enrich both inclusion and matrix stress functions
for capturing high stress gradients near the inclusion corners as


m = 
m
poly + 
m

rec + 
m
wvlt and 
c = 
c

poly + 
c
wvlt. (33)

Gaussian functions G(x) = e−((x−b)/a)2/2, for which the first
and second derivatives �G1

a,b = −1(d/dx)(e−((x−b)/a)2/2) and

�G2
a,b = (d2/dx2)(e−((x−b)/a)2/2), respectively, are good candi-

dates for wavelets bases [7,29]. These are used for stress func-
tions and stresses in the neighborhood of each inclusion corner.

The dilation and translation parameters a and b, respectively,
can be adjusted to provide high refinement and resolution at
critical locations. The wavelet-based stress functions 
m/c

wvlt are
constructed in a local orthogonal coordinate system (�, �), with
origin at the centroid of each inclusion and parallel to global
x, y coordinates. The corresponding stress function component
for the Gaussian wavelet basis is


a,b,c,d (�, �) = e−((�−b)/a)2/2e−((�−d)/c)2/2a,b,c,d , (34)

where (a, c) and (b, d) are dilation and translation parame-
ters, respectively, that can take arbitrary continuous values. For
implementation in multi-resolution analysis involving discrete
levels, the translation and dilation parameters should be ex-
pressed as discrete multiples of some starting values. Conse-
quently, these discrete values am, bn, ck and dl are expressed as

am = a1 · (tra)
m−1, bn = n · b1 · am,

ck = c1 · (trc)
k−1, dl = l · d1 · ck . (35)

Here (m, k) correspond to the levels and (n, l) correspond to
the discrete translation of the bases in the (�, �) directions, re-
spectively. The parameters (a1, c1) are the initial dilating values
at the first level m = 1, while tra(< 1), trc(< 1) are the trans-
fer rates from one level to the next higher one. The parameters
b1, d1 represent the starting values of a step translation quan-
tity at the mth dilation level. The narrow (higher level) wavelets
are translated by small steps, whereas the wider (lower level)
wavelets are translated by large steps. Parameters tra = trc = 1
and b1 = d1 = 0 imply no dilation and translation, respectively.
Parameters c0, cc, and d0 are counterparts of a0, ac, and b0 in
the � direction. With the specific relations between dilation and
translation parameters, the Gaussian wavelet enriched stress
function in Eq. (34) becomes


m,n,k,l(�, �) = e−((�−bn)/am)2/2e−((�−dl)/ck)
2/2m,n,k,l . (36)

The family of wavelet enriched stress functions in Eq. (36)
is not orthonormal, but they construct a linearly independent
basis [30]. This leads to robustness and high precision in the
reconstruction of any function f even with low level coefficients.
The wavelet enriched stress function is thus written as


wvlt(�, �) =
mn,nn/2,kn,ln∑

m=1,n=−nn/2,k=1,l=0


m,n,k,l(�, �). (37)

The corresponding stresses for the wavelet enrichment alone
are

{���
���
���

}
=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�2
wvlt

��2

�2
wvlt

��2

− �2
wvlt

�� ��

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∑mn,nn/2,kn,ln
m=1,n=−nn/2,k=1,l=0

�2(e−((�1−bn)/am)2/2e−((�1−dl )/ck)2/2)

��2 m,n,k,l∑mn,nn/2,kn,ln
m=1,n=−nn/2,k=1,l=0

�2(e−((�1−bn)/am)2/2e−((�1−dl )/ck)2/2)

��2 m,n,k,l

−∑mn,nn/2,kn,ln
m=1,n=−nn/2,k=1,l=0

�2(e−((�1−bn)/am)2/2e−((�1−dl )/ck)2/2)

�� �� m,n,k,l

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

. (38)
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Fig. 7. (a) Regions of multi-level wavelet bases near the inclusion corners within a radius (R); black dots correspond to wavelets inside the inclusion while
the unfilled squares are for matrix domain and (b) multi-level wavelet representation: circles represent level-1 bases and squares represent level-2 bases in the
matrix and inclusion.

The multi-resolution wavelet stress functions are implemented
in the following steps:

1. The level-1 domain of wavelet bases around each inclusion
corner is constructed as shown in Fig. 7. Circles of a fixed
radius R are drawn about each corner and each circle is
overlayed with a rectangular grid of points corresponding to
the position of each wavelet basis function. In Fig. 7, the
points shown in black lying inside the inclusion contribute
to the inclusion stress function while the remaining points
(shown in white) add to the matrix stress function. Points
lying at the boundary contribute to both matrix and inclusion
stress functions.

2. For higher level wavelets, the same procedure is repeated
with a reduced R = R0(Ṙc)

m−1, where Ṙc < 1 is a constant
size reduction rate per level, and m corresponds to the level.
In the higher levels, the grid is refined such that the number
of wavelet base points selected in each step remains the same
as shown in Fig. 7(b).

3. The integration grid for the matrix domain is able to ac-
commodate the proper integration of wavelet functions
near the corners. However, the basic triangularization-based
grid in the inclusion generates a uniform set of integration
points that is not adequate for integrating wavelet functions.
A higher grid density is needed near the corner of �c. For
each wavelet level, circles with radii proportional to dilation
parameters am and ck in Eq. (36) are drawn around each cor-
ner as shown in Fig. 7. The triangles inside these circles are
subdivided as shown in Fig. 6 for more accurate integration.

Significant improvement in the stress gradients near the corner
is observed without any spurious oscillations, by the incorpo-
ration of wavelet functions as seen in Fig. 10a.

5. Numerical examples for validation of NCM–VCFEM

5.1. A square plate with a square inclusion or hole

This example is intended to examine some convergence is-
sues of NCM–VCFEM and also for validating its results against

those from commercial FEM codes. A square domain contain-
ing a square inclusion (composite) or void (porous) of area
fraction Af =25% is modeled by NCM–VCFEM. The VCFEM
mesh is a single element as shown in Fig. 8a. The domain is sub-
jected to a uniaxial stretching of ux = 0.2L under plane strain
conditions and periodic boundary condition is applied on the
top surface at y=L. The properties are Em =70 GPa, �m =0.33
for the matrix material and Ec = 450 GPa, �c = 0.17 for the
inclusion material. The inclusion interface and element bound-
ary contains 16 and 12 nodes on, respectively. The minimum
number of  parameters are calculated from the nodal degrees
of freedom according to the stability criteria mentioned in Sec-
tion 3.3.2. The following range of terms are included in the
construction of the stress functions: �m

poly: 2�p + q �8, �m
rec:

2�p+q �4, 1� i�3; for a total of 78 terms in �m, and �c
poly:

2�p + q �8 for a total of 42 terms in �c. For the composite,
the radius of the circle of influence for the wavelet basis func-
tions in Fig. 7 is taken as R=0.1∗a, where a is the width of the
inclusion. Higher values of R need higher number of wavelet
levels Nlevel, while very small R may not adequately capture
the stress concentrations in the vicinity of the corner (see also
Fig. 9).

The accuracy and efficiency of the NCM–VCFEM are
affected significantly by the number of wavelet levels (Nlevel)
in the multi-resolution representation. The sensitivity of the
convergence of VCFEM results on the number of wavelet levels
near the inclusion corner, is tested for Nlevel = 3 and 4, respec-
tively. The results are compared with those generated by an
ABAQUS simulation with a model consisting of 3300 QUAD4
elements and 3361 nodes. Fig. 10 shows the stress plots along
a vertical line 2, bisecting the domain. The results exhibit the
convergence with respect to levels of wavelet bases for a given
R. Increasing the level from 3 to 4 does not affect the results
and hence the optimal level has been reached for this prob-
lem. Consequently, Nlevel = 3 is chosen for R = 0.1 ∗ a in the
subsequent problems. The corresponding number of wavelet
parameters are 200 for matrix in �m

wvlt and 88 for the inclusion
in �c

wvlt.
For the composite domain with the inclusion, the stress �xx

along the horizontal line 1 in Fig. 8a is plotted in Fig. 11a.
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Fig. 8. (a) A single VCFEM element representing a square plate with a square inclusion of Af =25% showing boundary conditions, (b) the mesh for ABAQUS
analysis and stress contour plot of �xx by (c) VCFEM, and (d) ABAQUS.
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Fig. 10. Plot of �xx along line 2 of the square inclusion in Fig. 8(a) with
different levels of wavelet bases (Nlevel).
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Fig. 11. (a) Plot of �xx along line 1 in Fig. 8(a) of square inclusion for case
(1) �m=�m

poly+�m
rec, �c=�c

poly+�c
wvlt and case (2) �m=�m

poly+�m
rec+

�m
wvlt , �c = �c

poly + �c
wvlt and (b) plot of �xx along line 2 in Fig. 8(a) of

square hole (Af = 25%).

This line is in the matrix just above the inclusion. The
NCM–VCFEM results are compared with the refined ABAQUS
model. It is evident that the stress concentration at the inter-
face is poorly represented with this level of refinement in the
ABAQUS model. The concentration is significantly better rep-
resented by the NCM–VCFEM model. The results correspond
to two cases: (1) wavelet enrichment is only added to the inclu-
sion stress function �c

wvlt and (2) wavelet functions are added
to both the inclusion and the matrix stress functions �m

wvlt and
�c

wvlt. For case (1), it is difficult to satisfy traction reciprocity
at the interface since stress functions on both sides are not
similar. This is manifested by a high peak with a high gradient
at the interface, but a gradual decay inside of the inclusion.
However, in case (2) the stress plot improves significantly with
the addition of the wavelet functions to enrich the matrix phase
as well. The stress gradient is much higher inside of the inclu-
sion. The stress drops in the region adjacent to the inclusion
to compensate for the increased stress inside of the inclusion.
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Fig. 12. Analytical result comparison with Ishikawa and Kohno [11]: (a)
square plate with rigid, infinitesimal square inclusion Af =1% and (b) plot of
�xx vs. r where r = distance from point A (corner of inclusion) along x = 0.

For the case of a porous medium, when the heterogeneity is a
void, the stress plot along the line 2 is shown in Fig. 11b. Again,
the VCFEM results are in good agreement with ABAQUS
results.

The NCM–VCFEM simulation takes 62 s on a single CPU
in the Pentium 4 cluster with 2.4 GHz Intel P4 Xeon processors
for the square plate with a square inclusion case, as opposed to
110 s for ABAQUS on the same machine. Without the wavelet
function enrichment, the NCM–VCFEM simulation only takes
33 s. At least twice the computing efficiency is achieved with
NCM–VCFEM for the simple one element example. This
factor is expected to increase considerably with increasing
microstructural complexity.

5.1.1. Comparison with analytical solution for a rigid square
inclusion in an elastic infinite plate

Ishikawa and Kohno [11] have developed a semianalytical
method using NCM to capture the stress singularity at the cor-
ners of a rigid square inclusion in an elastic infinite plate, as
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Fig. 13. (a) A square plate with an irregular concave inclusion showing the loading conditions, �yy stress contour plots by (b) VCFEM, and (c) ABAQUS.

shown in Fig. 12(a). The analytical expression for stress in this
paper, is of the form K/r�, where K is the stress intensity factor
and � is a stress singularity exponent. The analytical solution
is only valid in the neighborhood of the sharp corners of rigid
inclusion. A similar problem is modeled with NCM–VCFEM
as a check against analytical results. The inclusion area fraction
in this problem is chosen to be sufficiently small (Af = 1%)
for infinite plate assumptions to hold. The material proper-
ties are Em = 70 GPa, �m = 0.33 for the matrix material and
Ec =450 ×1010 GPa, �c =1×10−10 for the inclusion material
to model a nearly rigid inclusion. The boundary conditions are
the same as in example of Section 5.1. The plate is subjected
to uniaxial stretching ux = 0.2L under plane strain conditions.
The stress functions and displacement interpolations are also
set up as in Section 5.1. The results obtained by NCM–VCFEM
compares very well with the analytical solution of stress sin-
gularity near inclusion corner of Fig. 12b.

5.1.2. A square plate with an irregular shaped inclusion
A square plate with an irregular shaped inclusion is analyzed

in this example as shown in Fig. 13a. This model is subjected
to a uniaxial stretching with uy =0.33L under plane strain con-
ditions. The NCM–VCFEM mesh is a single element but with
an irregular concave inclusion. Periodic boundary condition is
applied on the edge at x = L to manifest repeating cells. The
material properties are E = 70 GPa, � = 0.33 for the matrix
material and E = 450 GPa, � = 0.17 for the inclusion mate-
rial. There are 12 equally spaced nodes on element boundary
and 48 nodes on the matrix-inclusion boundary. As discussed
in Section 3.3.1, the nodes on the interface are positioned with

increasing density near the corners to ensure accurate integra-
tion of [G] matrix. This also enables better satisfaction of the
traction reciprocity condition, as discussed in Section 3.3.2. The
number of  parameters is chosen to satisfy that stability crite-
ria. The stress functions implemented are �m

poly: 2�p+q �11,
�m

reci: 2�p+q �4, 1� i�3; and �c
poly: 2�p+q �11. Wavelet

functions Nlevel = 3 are used. For R = 0.1 ∗ a, the number of
wavelet parameters are 164 for the matrix functions �m

wvlt and
126 for the inclusion function �c

wvlt. The NCM–VCFEM re-
sults obtained are compared with a very fine mesh ABAQUS
model consisting of 15 842 nodes and 15 570 QUAD4 elements.
The contour plots of the stress �xx by VCFEM and ABAQUS
are shown in Figs. 13(b) and (c). Figs. 13(d) and (e) depict
the stress plots along two lines passing through the inclusion
of Fig. 13(a). The NCM–VCFEM results are shown for three
different cases: (1) without any wavelet enrichment, (2) with
wavelet enrichment in the inclusion only, and (3) wavelet en-
richment in both the inclusion and matrix phases. The results
clearly show the improvement of the results with wavelets and
the convergence of the case (3) to the ABAQUS results. These
stress gradients are very well represented with the wavelet basis
enhancement. Overall, the VCFEM results are in good agree-
ment with the ABAQUS results (see also Fig. 14).

5.1.3. A square plate with randomly dispersed square
inclusions

A square plate with five randomly dispersed square inclusions
is analyzed in this example. The NCM–VCFEM mesh, shown in
Fig. 15(a), has five elements generated by Voronoi tessellation.
The material properties and boundary conditions are the same
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Fig. 14. Plot of �yy along (a) line 1 and (b) line 2 of Fig. 13; case 1 stress func-
tions (�m=�m

poly+�m
rec; �c=�c
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wvlt), and case 3 stress functions (�m = �m
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wvlt).

as in example of Section 5.1. The plate is subjected to uniaxial
stretching ux = 0.02L under plane strain conditions. The stress
functions and displacement interpolations are also set up as in
Section 5.1. The contour plot of the stress �xx is shown in Fig.
15(b). The NCM–VCFEM stress results along a vertical line
x = 0.25L is plotted and compared with the results of a fine
mesh ABAQUS model (38 412 QUAD4 elements and 38 805
nodes) in Fig. 15b. Extremely good agreement is seen between
the two sets of results.

5.1.4. A real micrograph
In this final example, the real micrograph of Fig. 1(a) with

random distribution of irregular inclusions is analyzed by
NCM–VCFEM. The VCFEM mesh, generated by the mod-
ified Voronoi tessellation of Section 2, is shown in Fig. 2b.
The  parameters are chosen based on the element with high-
est degree of freedom such that stability criteria [2] is also

satisfied. The stress functions are �m
poly: 2�p + q �11, and

�m
reci: 2�p + q �4, 1� i�3 with a total of 111 terms in �.

For the wavelet representation R = 0.1 ∗ a and Nlevel = 3.
The square domain is subjected to a uniaxial stretching of
uy = 0.004L under plane stress conditions. The material prop-
erties are E = 70 GPa, � = 0.35 for matrix and E = 165 GPa,
� = 0.27 for inclusion. Results obtained by NCM–VCFEM are
compared with a highly refined ABAQUS model with 25 928
QUAD4 elements and 26 206 nodes. From Fig. 16 it can
be seen that the stress contours by both models are in good
agreement.

6. Concluding remarks

The Voronoi cell finite element model (VCFEM) is aug-
mented by a numerical conformal mapping (NCM)-based stress
function enhancement method in this paper for capturing the
effects irregular shapes of heterogeneities like particles and
voids in the microstructure. Micrographs of heterogeneous ma-
terials often display very irregular shapes that have consider-
able effects on the evolution of stresses, strains and local dam-
age. The NCM–VCFEM developed in this paper can go a long
way in predicting these local effects in real microstructures.

The NCM-based stress function construction is expensive in
comparison with conformal mapping of regular shapes likes
ellipses and circles. Consequently, a method that differenti-
ates between heterogeneities that can be approximated as el-
lipses (within acceptable tolerances) from those that should be
represented as complex polygons is first developed. Once the
heterogeneity representation is finalized, the tessellation pro-
cess is modified to accommodate arbitrary shapes in the result-
ing VCFEM mesh. Subsequently, the VCFEM formulation is
locally modified for those heterogeneities that have the polyg-
onal shapes. In the assumed stress hybrid based VCFEM for-
mulation, stress functions for the inclusion and matrix domains
are appropriately chosen to account for the shape of matrix het-
erogeneity. Matrix stress functions consist of polynomial and
reciprocal stress functions accounting for the shape. This recip-
rocal stress function is generated in this work by using NCM
with Schwarz–Christoffel transformations. Singularity induced
due to the NCM-based stress functions has serious effect on
convergence of some of the integrals in VCFEM. A special
method of delineating singularity zones and applying diver-
gence theorem to reduce the order of singularity has been im-
plemented to handle this situation. In the vicinity of sharp cor-
ners, stress gradients are very high and affect even the far field
stresses. Additional wavelet bases stress functions are used in
regions of high solution gradients to capture steep stress rises
in these regions.

A large number of numerical examples are conducted for
validating the effectiveness of NCM–VCFEM in analyz-
ing materials with random distributions of arbitrary shaped
heterogeneities. The solutions demonstrate excellent capa-
bilities of this method for real microstructures. Extension
of NCM–VCFEM to non-linear analysis with microstruc-
tural damage by particle and matrix cracking has also been
implemented and will be reported in a forthcoming paper.
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Fig. 15. Square plate with randomly distributed square inclusions (a) VCFEM mesh with loading and boundary conditions, (b) stress contour plot of �xx for
VCFEM and (c) plot of �xx along line x = 0.44 of Fig. 15(a).
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Existing commercial codes have a great deal of problems in
handling this class of problems.
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