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Abstract

This is the first of a two-part paper aimed at developing a robust framework for the collection, quantification and simulation of 3D
polycrystalline microstructures. Serial-sectioning methods are used to generate data that characterize the microstructural morphology
and crystallography of grains. The microstructure simulation model and codes take as input a series of electron backscatter diffraction
(EBSD) patterns from the serial-sectioning experiments. Robust statistical analysis of the grain-level microstructures in 3D is conducted
in this part of this paper. This analysis can provide necessary information for modeling and simulation efforts in the form of a highly
refined and unbiased description of specific features, such as the distribution of grain size, shape and orientation.
Published by Elsevier Ltd on behalf of Acta Materialia Inc.
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1. Motivation

This two-part paper develops a comprehensive method
for the generation of virtual polycrystalline microstructures
that can be used in computational modeling for prediction
of microstructure–property relations. The importance of
microstructure relative to material properties is a basic
tenet of materials science and engineering. With the contin-
ued improvement in modern computing capabilities, the
ability to include local microstructural features in simula-
tions of microstructure evolution or materials performance
is an active area of research [1–3]. However, there has been
a general disconnect between the ability to characterize
microstructure and efforts to represent this information in
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simulations. For example, most grain structures are known
to have non-uniform distributions of size and shape, and
can also exhibit large variations in morphology and crystal-
lography [4]. This realization clearly identifies a shortcom-
ing when grain morphology is represented by a uniform
array of basic shapes like spheres, cubes, or simple polyhe-
dra to fill space, as done in many simulation studies [5–7].

Rollett et al. [8,9] made significant improvements on the
ability to generate virtual 3D microstructures. Their meth-
odology is linked to real microstructures through the col-
lection of statistical distributions of grain size and shape
in 2D. Those distributions are used to infer the 3D struc-
ture, and then used to bound a synthetic microstructure
generation process. One advantage of their methodology
is that the experimental data can be collected in a straight-
forward manner with a relatively short time for data collec-
tion. Recently, Lewis and Geltmacher [10] have used
image-based methods to create virtual grain ensembles.
That effort has relied on the collection of serial-section data
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to reconstruct polycrystalline microstructures that are sub-
sequently used within a finite element mesh and model.
This technique is attractive in its ability to translate real
microstructures into a computational form with few
extrapolations or assumptions. While these studies are no
doubt innovative, they have some limitations. The work
in Refs. [8,9] considers only the distribution of size and
shape of grains in creating the synthetic microstructures.
Other morphological characteristics, such as the number
of contiguous neighbors per grain and the correlations
between different parameters, are sometimes are very
important, but have not been incorporated in that work.
Additionally, the size and shape measurements reported
in Refs. [8,9] have been collected from 2D sections and then
extrapolated to 3D. This allows for potential errors in rep-
resenting the actual 3D distributions. The tessellation and
grain assignment process in Refs. [8,9] may in some cases
produce unrealistic or anomalous grain shapes. On the
other hand, the work in Ref. [10] is for deterministic struc-
tures, having bypassed the need for statistical characteriza-
tion and synthetic structure generation. The collection of
the microstructural data for each microstructure model
can be extremely time-consuming. Additionally, direct con-
version of discrete voxel data in this method creates artifi-
cially aliased grain boundary topologies.

The goal of the present work is to create a comprehen-
sive microstructure simulator from 3D experimental data
that can feed into an effective computational model. Some
aspects of the previous developments have been taken into
consideration in the present framework. The first of this
two-part paper will focus solely on the statistical character-
ization of grain-level microstructures in 3D from serial-sec-
tion data, while the second part will discuss the application
of these statistical descriptions to generate equivalent grain
structures that are suitable for modeling and simulation.

2. Introduction and scope of Part 1

The ability to characterize microstructural features
using statistical methods is an important advancement in
materials science, because it can allow for more accurate
predictions of material properties. Classical stereological
methods involve prediction of 3D microstructural charac-
teristics from image data analysis of a sectioned surface.
However, there are a number of microstructural parame-
ters that cannot be determined from a single 2D section,
such as feature connectivity, true feature shape and the
number of features per unit volume [11]. The need to char-
acterize microstructures more completely has led to the
development of methods that allow one to obtain 3D
microstructural data of grain structures directly, such as
serial-sectioning [12–15], intergranular corrosion [16] and
various X-ray tomography based techniques [17,18].

Even though there have been advancements in 3D char-
acterization methods [19–21], there have been few studies
that have examined the extremities and local neighbor-
hoods present in polycrystalline microstructures. Many
individual parameters have been quantified in 2D and some
in 3D, but much less frequently are the relationships
between multiple parameters studied [19]. The focus of this
paper is to quantify a suite of microstructural parameters
as well as their correlations to define morphological
characteristics.

Serial-sectioning via a dual beam focused ion beam-
scanning electron microscope (DB FIB-SEM) outfitted
with electron back-scatter diffraction (EBSD) capabilities
is used to collect crystallographic data in 3D. The process
of data collection is described in detail in Ref. [14] and
the reconstruction and processing of the data is described
in Refs. [22,23]. The subsequent statistical analysis to
develop distribution and correlation functions is the focus
of this paper.

3. FIB-EBSD serial-sectioning methodology and material

details

3.1. Sectioning and data processing methodology

A brief outline of the serial-sectioning data collection
and processing details are given here:

� The DB FIB-SEM is used to section the sample repeat-
edly with the ion beam and collect crystallographic ori-
entation maps for each section using EBSD. An
advantage of acquiring EBSD maps is that it allows
for unsupervised segmentation of grains and grain
boundaries, which can be difficult to perform using only
image data.
� Rough alignment of the series of 2D EBSD maps is per-

formed by a convolution process, as the maps may ini-
tially be slightly misaligned. The convolution technique
involves matching intensity values of consecutive EBSD
maps and generally ensures sections are within 1–2 pix-
els of their correct position. The series of EBSD maps
are then combined to provide a 3D dataset that can be
analyzed. During this alignment process (and the refined
alignment process discussed later), only translations (x
and y movements) are applied to the sections. As a
result, the Euler angles associated with the data points
should not be affected, and thus no rotation of these
angles is necessary.
� Following initial alignment, grain identification and seg-

mentation is performed. The misorientation of neigh-
boring voxels is determined and used to group voxels
together as grains [14,22,23]. Details of the definition
and calculation procedure of misorientation are dis-
cussed in Ref. [24]. Misorientation is described in terms
of a rotation axis vector n, which represents a common
axis for both crystal lattices, and an angle h, which is the
rotation about n needed to bring the two crystal lattices
into coincidence. The rotation angle is given by

h ¼ min cos�1 trðgBg�1
A OÞ � 1

2

� �����
���� ð1Þ
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where, gA and gB are the orientation matrices of grain A
and B, respectively, and O is the crystal symmetry opera-
tor. For this work, voxels are grouped together and as-
signed to the same grain if the misorientation between
their immediate neighboring voxels is below a user-defined
critical value (5�). For the IN100 sample investigated in this
work, there was little orientation spread within each grain.
The orientation variation in-plane and between sections
was; in general, only fractions of a degree with the majority
of grains having a grain average misorientation (average of
the misorientations between each voxel’s orientation and
the grain’s average orientation) below 1�.
� Following grain identification, data cleaning routines

are used to refine the quality of the data set. There
are two filters that are applied to the data to remove
extremely small and poor quality grains [22,23]. The
poor quality filter is implemented to account for small
pores and particles in the material. The minimum
allowable grain size in this work is twenty-four (24)
contiguous voxels, which for the voxel size in this
dataset corresponds to a diameter of �0.5 lm. Any
set of voxels below the minimum size are broken apart
and assigned to neighboring grains. During reassign-
ment, each voxel is assigned to the grain with which
it shares the most surface area. The quality filter calls
on the measure of data quality assigned to each voxel
by the EBSD collection program. If a grain contains
no voxels above a minimum quality tolerance, then
the grain is removed and the voxels are assigned to
neighboring grains. Occasionally, pores and particles
contained slightly more than 24 voxels, but none were
of sufficient quality.
� After data clean-up, a more refined alignment proce-

dure is used to reduce the misalignment between the
individual 2D EBSD maps further [22,23]. During
the second alignment, the misorientation between each
voxel in an individual 2D section and the voxel
directly above it in the previous section is computed.
The section is then shifted in the x and y direction,
checking the misorientations at each adjusted position.
The position which results in the fewest orientation
differences (defined as a voxel being misoriented by
more than 5� from the corresponding voxel in the pre-
vious section) is chosen as the ideal position. Effec-
tively hundreds of ‘‘disks” through the grains are
aligned simultaneously, creating a high-fidelity align-
ment. The position with the fewest orientation differ-
ences is generally the position that places the most
disks directly on top of the corresponding disk in
the previous section.

Though each step of the data collection and processing
is automated, the total time required for completing these
procedures is not small. Collection of the sections com-
mands the most time at approximately 3 days for a dataset
of the size presented. The processing is less temporally
intrusive, taking less than a day to complete. The first
alignment procedure, grain segmentation and data clean-
up, and second alignment procedure take approximately
1, 6 and 1 h, respectively, for a dataset of this size.

3.2. Material details

The data collection process is used to sample the micro-
structure of forged and sub-solvus heat-treated IN100, a
nickel-base superalloy produced by powder-metallurgy
processing. The volume obtained from reconstruction of
the individual sections is shown in Fig. 1. The experimen-
tal volume, which measures 96 lm � 36 lm � 46 lm, sam-
ples 4373 grains including surface grains in total and 2704
full grains. An important note is that only grains con-
tained fully inside the experimentally collected volume
are considered during subsequent analysis. This measure
is taken to remove the bias on the morphology of grains
intersecting the edges of the volume. However, a bias
against larger grains is possibly introduced, due to the
increased probability of a large grain intersecting the vol-
ume’s surface. A second method for excluding grains was
implemented to remove morphological biases, while limit-
ing any size bias. This method is exactly analogous to the
2D technique of creating a counting frame. The idea and
practice of using counting frames is discussed by Gunder-
son [25]. The sets of grains obtained from the two meth-
ods were compared to quantify their differences. It was
noted that the two sets appeared to be statistically similar
for all of the parameters that will be presented in this
paper. However, the second set of grains contained far
fewer grains (1690) than the first set (2704). The similarity
of the grain sets led to the conclusion that both sets likely
contain enough grains to describe mean-field statistics and
neither contains enough grains to describe extreme-value
statistics. From this point forward, the analysis presented
is of the first grain set, chosen mainly for the larger num-
ber of grains.

The microstructure of IN100, shown in Fig. 2 as an ion-
induced secondary electron (ISE) image, presents advanta-
ges and complications for the FIB and EBSD experimental
technique. A main advantage is the fine grain size (�3 lm
average diameter), which allows for many grains to be con-
tained in the meso-scale volume that can be interrogated by
the DB FIB-SEM. In part, the grain size remains fine dur-
ing the alloy processing because of a distribution of fine
carbide particles which have been ignored in this study.
A minor complication that arises is that the superalloy pro-
cessing results in two microconstituents for each grain.
Most of the volume (�80%) consists of a dual-phase micro-
constituent consisting of the c-phase matrix containing fine
c0-phase coherent precipitates. The remaining �20% of the
volume consists of the primary c0 microconstituent which
appears as single-phase grains in Fig. 2. Actually, the pri-
mary c0 microconstituent maintains a region of semi-coher-
ent interface with its parent grain thus being nominally
indistinguishable from that grain on the basis of crystallo-
graphic orientation via EBSD pattern analysis. Chemical



Fig. 1. 3D reconstruction of IN100 Ni-based superalloy. The volume shown is the reconstruction of individual EBSD maps collected during the serial-
sectioning experiment and has dimensions 96 lm � 36 lm � 46 lm.

Fig. 2. Ion-induced secondary electron (ISE) image of IN100. The presence of two microconstituents and thin annealing twins presents a challenge during
the segmentation and quantification of the microstructure. Several examples of these features are highlighted in the image.
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mapping or backscatter electron imaging in conjunction
with the EBSD maps could possibly alleviate this issue,
but this data was not available with the microscope used
in this work. Therefore, when performing the statistical
analysis, the two-microconstituent microstructure is trea-
ted as having only one type of grains. The second compli-
cation with the experimental data is that the resolution is
not sufficient to sample accurately many of the twins that
are frequently observed in the microstructure. The twins
tend to be thin (�0.25–0.5 lm) in one dimension and in
many cases they are nearly the same size as the voxel size.
To eliminate this problem, the twins are merged with their
‘parent’ grains. Effects of both of these issues will be con-
sidered further in the following paragraphs.
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There are limitations with the current data-collection
procedure which affect the ability to fully quantify the
microstructure of this nickel-base superalloy. However, a
number of these issues can be solved by simply increasing
the resolution of the data collected and collecting more
data; but, others require more substantial changes to the
methods as discussed in the following.

The resolution of the data is extremely important in pro-
ducing accurate statistics. A rule of thumb for ‘quality’
reconstructions and by association statistics is that a mini-
mum of �10 sections are needed through a feature. Some
studies [26] have concluded that as many as 50–150 sections
are needed to describe shape accurately. Applying this gen-
eral rule to the current dataset shows the need for increased
resolution. In this study, approximately 90% of all grains
have at least 10 sections through their largest dimension.
However, only �53% of all grains also have at least 10 sec-
tions through their smallest dimension.

Much like the resolution of the data, the number of
grains in the experimental volume is extremely impor-
tant. A large enough number of grains are necessary to
generate representative distributions. The 2704 grains
used in this analysis are sufficient for the distributions
of the individual parameters and most aspects of the cor-
relation distributions. In general, each bin in the individ-
ual parameter distributions and correlation distributions
contains hundreds of grains. However, the number of
grains analyzed fell short for proper analysis of some
aspects of the correlation distributions. First, for all cor-
relations only diameter bins between 1 and 7 microns are
considered, because the larger diameter bins are under-
populated. A minimum number of 50 grains in a diame-
ter bin has been selected as the cutoff for consideration.
Secondly, multiple correlations are not possible due to
the limited number of grains. The number of grains nec-
essary for a given relationship tended towards Nx, where
N is the number of grains necessary for an individual
distribution and x is the number of correlations. Using
this relationship and the selected minimum of 50,
�125,000 grains would be needed for a correlation
between three parameters.

The poor sampling of twins and their subsequent merg-
ing certainly affects the distributions of most parameters.
The volume distribution shifts toward smaller volumes
when twins are not removed as shown in Fig. 3. Addition-
ally, the number of contiguous neighbors for most grains
would likely increase with the reintroduction of twins.
Fig. 2 also shows the effect on grain shape when twins
are not merged. The twin grains tend to have a distinct
shape, often more plate-like, which is present on the plot
after reintroduction of twins.

Lastly, the EBSD software is not capable of distin-
guishing the two microconstituents in the material with
the settings used in this experiment. Statistically this pre-
sents a problem because the two microconstituents have
a clear difference in size when viewed using backscatter
electron (BSE) images or ISE images, as seen in Fig. 2.
The c0 microconstituent particles or grains are often sig-
nificantly smaller than their neighboring dual-phase
c + c0 grains. Thus, it is expected that the volume distri-
bution of only the c + c0 grains would shift to larger vol-
umes and become less strongly lognormal if the two
microconstituents were segregated and plotted separately.
The current dataset remains limited by this issue, but
future experiments utilizing chemical mapping or back-
scatter electron imaging appear promising and should
alleviate this problem.

4. Statistical analysis

The direct measurement of microstructural parameters
in 3D allows one to describe features without the need
for stereological interpolation and enables a higher fidelity
characterization. Additionally, if each individual constitu-
ent of the polycrystalline microstructure e.g. grains is mea-
sured, it allows for the developments of distributions of
parameters, rather than simply average values. This more
detailed description can provide information about the
higher order moments of the distributions. The objective
of the statistical characterization undertaken in this work
is to quantify a number of parameters that define the mor-
phology and crystallography of a polycrystalline metal or
alloy. In particular, a nickel-base superalloy is investigated
in this work. In addition, the correlation between different
parameters is studied and appropriate functions are devel-
oped. In the following section, the measurements of grain
volume, number of contiguous neighbor grains and grain
shape are described. These parameters have been selected
to characterize the morphology of grains. The orientation
distribution function (ODF), misorientation distribution
function (MODF) and micro-texture function (MTF) are
also calculated to describe the crystallography of the
material.

4.1. Grain volume

As previously mentioned, each data point is considered
to be a voxel in 3D space and thus has an associated vol-
ume given by Vvoxel = de2, where d is the section thickness
and e is the step-size of the EBSD map. During the grain-
identification process each voxel is assigned to a grain
based on its misorientation with its neighbors, as defined
in Eq. (1) [22,23]. The grain volume is given by
Vgrain = Nv � Vvoxel, where Nv is the number of voxels in
the grain. Fig. 4 shows the distribution of grain volumes
normalized by the mean volume. The mean grain volume
is calculated to equal 37.32 lm3 using:

hV graini ¼
P

Ng
V grain

N g

ð2Þ

where Ng is the number of grains. The largest grain had a
value of V grain=hV graini equal to 17.11. The distribution
clearly is skewed with �70% of the grains having less than
the average grain volume.



Fig. 3. Effect of merging twins with parent grains on: (a) normalized grain volume distribution, and (b) aspect ratios. Including the twins (i.e. not merging
them) tended to shift the volume distribution towards smaller volumes. Also, the grains tended to become even more plate-like.
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In addition to generating the true grain volume distribu-
tion, the distribution of equivalent sphere radii (ESR) is
generated as

ESR ¼ 3

4p
V grain

� �1
3

ð3Þ

where Vgrain is the grain volume. The resulting distribution
is also shown in Fig. 4. The distribution of grain ESR and
its form have been investigated previously [19]. Enomoto
[19] has compared various theoretical distributions to the
experimentally measured grain ESR distribution for a
polycrystalline iron sample in 3D. Feltham [27] has shown
that the distribution of grain ESR tends to be log-normal,
which is expressed as

f ðRÞ ¼ bffiffiffi
p
p

R
exp �b2 ln

R
Rm

� �� �2
" #

ð4Þ
where Rm is the median value in the log-normal distribu-
tion of ESR=hESRi and was determined to be 0.91 for
the IN100 dataset. The constant b for the dataset was cal-
culated to be 1.68 by the least-squares method. The values
of Rm and b for the IN100 dataset are similar to Enomoto’s
calculations for polycrystalline iron, where Rm was 0.98
and b was 1.63. Although it does appear that the
ESR=hESRi distribution for IN100 is slightly more log-
normal than that for the iron sample of Enomoto. The
curve representing the log-normal distribution in Fig. 4 ap-
pears to compare nicely with the experimental data over
nearly all grain ESR. However, the log-normal distribution
begins to over-predict the number of grains at large values
of ESR=hESRi (>3).

From grain growth theory, two alternate grain size dis-
tributions have been proposed and these have been com-
pared to the present data. Hillert [28] has developed a
function to define the grain size distribution by combining



Fig. 4. (a) Distribution of grain volume for 2704 grains. hV graini ¼ 37:32 lm3. (b) Distribution of equivalent sphere radii. hESRi ¼ 1:76 lm3. Curves
representing the Hillert distribution, the Louat distribution and the log-normal distribution are overlaid on the experimental data and discussed in the text.
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the theory of Ostwald ripening with grain growth. The
function is:

f ðuÞ ¼ A
u

ð2� uÞ2þb exp � 2b
2� u

� �
ð5Þ

where u = R/Rcr and Rcr is given by hRi ¼ 8Rcr=9. In Eq.
(5), A is a constant, determined by least-squares to be 43
for this dataset, and b = 3 for growth in 3D. The Hillert
distribution is shown in Fig. 4 and significantly shifts the
peak to a larger ESR than seen in the experimental data.
However, the experimental dataset shows a noticeably
longer tail resulting in a considerably larger maximum
grain size than predicted from the Hillert model. Alterna-
tively, Louat [29] focused on grain volume with the
assumption that growth of boundaries is similar to a diffu-
sion-like process. This theory [29] is common in the analy-
sis of grain growth and gives the grain size distribution
expressed by

f ðRÞ ¼ CR � expð�aR2Þ ð6Þ
In Eq. (6), C and a are constants that are calculated by the
least-squares method to be 0.158 and 0.78, respectively, for
this dataset. The Louat distribution is also shown in Fig. 4
and appears to represent the larger grains nicely, but
clearly overestimates the number of small grains.

While selected comparisons were made between the
experimental and ideal grain-size distributions, the
observed deviations from those ideal distributions may be
the result of an inability to differentiate between the c
and c0 microconstituents and, from the presence of grain-
boundary carbides in the alloy. As mentioned previously,
the primary c0 microconstituent maintains a portion of
semi-coherent interface with its parent grain, while its
remaining interface is an incoherent grain boundary. Also,
carbide particles are formed during the alloy processing
and some of these ultimately reside on grain boundaries
and affect grain growth. The presence of these phases and
their attributes in the microstructure complicates the deci-
sion of which model to select and what fitting parameters
are appropriate. Given that the primary c0 is semi-coherent
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with the grains, the choice to merge these particles with
their crystallographically similar parent grain is reasonable.
However, the differences between the experimentally mea-
sured and theoretical distributions may ultimately offer
insight into the interactions between the phases and their
effects on the grain-growth process. The size distributions
of the c and c0 microconstituents need to be separated,
compared individually and analyzed further to develop
the understanding of poly-constituent grain growth, which
is a topic for later investigation.

4.2. Number of contiguous neighbor grains

The number of contiguous neighbors per grain is one
example of a parameter that cannot be determined directly
from 2D measurements. Previous studies have character-
ized the quantity using different experimental methods. In
Ref. [19], serial-sectioning has been used to examine a 3D
volume, where each grain was followed through the sec-
tions and the number of grains that came in contact with
it was recorded. In the present analysis, all voxels that
neighbor the voxels of a given grain are located. The grain
to which each neighboring voxel belongs is added to the list
of grains that neighbor the current reference grain. Note
that only voxels that share a common face, not a common
edge or corner, with a voxel in the reference grain are con-
sidered. This requires the grains share some actual area and
avoids counting grains that meet at only an edge or point.
Fig. 5 shows the distribution of the number of contiguous
neighbors for IN100. The mean number of contiguous
neighbors hNi for the dataset is 12.9. The mean value for
IN100 lies close to experimental observations for b-brass
ðhNi ¼ 11:8Þ [30], Al–Sn alloys ðhNi ¼ 12:48Þ [31] and iron
ðhNi ¼ 12:1Þ [19]. However, the value deviates from the
value of 14 associated with space-filling Kelvin polyhedra
[32], and more significantly from random Voronoi polyhe-
dra, where the mean number of contiguous neighbors has
Fig. 5. Distribution of number of contiguous neighbors. The mean value of 12
[19,28,29].
been shown to be 15.5 [33]. Krill and Chen [34] have inves-
tigated the mean number of contiguous neighbors for mul-
tiple structure generation techniques.

4.3. Grain shape and principal axes orientation

The irregular geometries that are typical of grains in a
polycrystalline microstructure make grain shape a difficult
parameter to quantify. This is especially true because of the
lack of an ability to describe 3D shape in general [35]. Most
descriptions of shape involve combining groups of size
parameters to generate a unitless value [35]. Examples
include: length/width (aspect ratio), area/convex area
(solidity) and length/fiber length (curl). One common
descriptor used to quantify grain size is the equivalent
sphere radius (ESR), given previously by Eq. (5), regardless
of the grain’s true shape. This practice is useful to quantify
grain volume, but does not offer much information about
shape. Another common practice is to fit an ellipsoid (or
ellipse in 2D) to the grain [8,9], which is the method
selected for this work. A systematic method of generating
ellipsoidal inclusions from voxel data obtained by serial-
sectioning has been developed in Refs [36,37]. In the pres-
ent work, the methods developed in [36,37] to generate geo-
metric parameters of the ellipsoidal grain are used. In this
method, the zeroth order moment (I0), first-order moments
(Ix, Iy, Iz) and second-order moments (Ixx, Iyy, Izz) are first
calculated for each grain by adding the contribution of
each voxel belonging to an identified grain. The centroidal
coordinates of the best-fit ellipsoid are next computed from
the zeroth- and first-order moments as

xc ¼
Ix

I0

; yc ¼
Iy

I0

; zc ¼
Iz

I0

ð7Þ

Next, the principal directions, corresponding to the
principal axes of the ellipsoid are calculated from the eigen-
values and eigenvectors of the second order moments
.9 neighbors is similar to experimental observations of other metallic alloys
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I ij; i; j ¼ 1; 2; 3. The major axis (2a), minor axis (2c) and
intermediate axis (2b) of the ellipsoidal grain are solved
from the relations of the principal second moments of iner-
tia as

a ¼ A4

B � C

� 	 1
10

; b ¼ B4

A � C

� 	 1
10

; c ¼ C4

A � B

� 	 1
10

ð8Þ

where A, B and C are given by

A ¼ 15

4p

� �
� I1 þ I2 � I3

2

� �
;

B ¼ 15

4p

� �
� I1 þ I3 � I2

2

� �
; C ¼ 15

4p

� �
� I2 þ I3 � I1

2

� �

Fig. 6 is a plot of the aspect ratios (b/a and c/a) for each
grain. In Fig. 6, the upper right corner represents equiaxed
grains; while the lower right and lower left corners repre-
sent a disk and needle, respectively. Many of the grains
are seen to have a slightly elongated shape, but remain clos-
est to the equiaxed corner of the plot. However, there are a
significant number of grains that show a more pronounced
Fig. 6. (a) Plot of aspect ratios for each grain. The principal radii are such that
and lower left represent a disk and needle, respectively. (b) Orientation of
correspond to the intersection of the principal axis vector with a unit sphere.
deviation from equiaxed geometry. Fig. 6 shows the spatial
distribution of the largest principal axis for each grain,
identified as the shape orientation distribution. The direc-
tion, in the sample reference frame, is represented as the
point where the vector in the direction of the largest prin-
cipal axis intersects a unit sphere. The plot shows that there
is no strong preferred shape orientation for the grains.

In some cases, the ellipsoidal representation of grains is
an oversimplification that should be compensated. Corre-
spondingly, an accuracy indicator in the ellipsoidal repre-
sentation, termed as the relative ellipsoidal misfit, is used.
The best-fit ellipsoid based on the moment analysis is
scaled slightly to be of the same volume as the grain with
the same aspect ratios and shape orientation. The fraction
of the grain’s voxels that lie within the best-fit ellipsoid is
calculated. If the grain is perfectly ellipsoidal then the value
of this quantity would be very near 1 (with the voxel size
controlling the nearness to 1). Decreasing values of ellipsoi-
dal misfit indicate more complex and likely concave shapes.
Fig. 7 shows the distribution of the ellipsoidal misfit and
also quantifies this as a function of grain size. Note that
a > b > c. The upper right corner represents a sphere, while the lower right
the largest principal axis relative to the sample coordinates. The points
There appears to be no preferred shape orientation.



Fig. 7. (a) Distribution of ellipsoidal misfit of the best-fit ellipsoid. A value of 1 implies a perfect ellipsoidal grain, while decreasing values imply more
complicated and likely concave shapes. (b) Distribution of ellipsoidal misfit for varying sizes. The values drop suddenly at small grain sizes. This is likely
the result from errors in the moment calculations introduced by the limited number of voxels sampled for the small grains.
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the ellipsoidal misfit becomes worse as the grain size
decreases. One plausible explanation for this is that the
small number of voxels in the small grains can affect the
moment calculations used to generate the best-fit ellipsoid.
In general, the values of ellipsoidal misfit are relatively
high, which indicates that the ellipsoid representation is rel-
atively accurate for most grains.

4.4. Surface area

The calculation of surface area using the current set of
voxel data is complicated by the fact the discrete voxels
produce excess surface area. For the voxel representation,
the exact surface area of the grains can be determined by
the number of voxel faces on the grain boundary. However,
this value is expected to be significantly higher than the
actual surface area, because of aliasing effects. Another
method for quantifying surface area of the voxelized data
is to consider the fraction of voxels that lie on the surface
of the grain. This quantity actually measures the surface-
to-volume ratio. The major complication with this mea-
surement is the significant effect that the voxel resolution
has on the value. As the voxel size increases, the fraction
of voxels on the surface of the grain rapidly increases
towards 1. However, if the voxel dimensions are quite small
compared to the grain size, then the value gives an accurate
measure of surface-to-volume ratio. Fig. 8 shows the distri-
bution of fraction of surface voxels. Many of the grains are
seen to approach a value of 1 due to the poor resolution
relative to their size. As will be shown later, nearly all of
the grains with a value near 1 are of extremely small size.

4.5. Crystallography

The previous parameters provided information about
the morphological nature of the grains, but their crystallo-



Fig. 8. Distribution of surface-to-volume ratio, which is simply the fraction of a grain’s voxels on the surface of the grain. Small values imply larger and/or
more spherical grains. Resolution greatly affects smaller grains resulting in many values approaching 1.
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graphic nature was not examined. This section presents
three parameters used to describe the crystallography of
the grains.

4.5.1. Orientation distribution function (ODF)

The orientation distribution function (ODF) is a mea-
sure of the macroscopic texture of a material. The crystal-
lographic orientation of each grain is plotted on a
stereographic projection for a particular crystallographic
direction, and the presence of any preferred orientations
becomes evident [38]. Macroscopic textures are common
in heavily worked samples and recrystallized samples [39–
41]. Fig. 9 shows the pole figures for the experimental vol-
ume, having an angular accuracy of ±1�. Note that the
number of grains in the volume is in the range of that typ-
ically used to produce an ODF [42]. All of the sampled
grains were used in this plot because intersection with the
edge of the volume only effects morphological measure-
ments, not crystallographic ones. Clearly, from Fig. 9 there
is no noticeable macroscopic texture in this material. There
Fig. 9. Pole figures for 43
is little clustering in any of the pole figures, with the only
apparent higher polar density regions being an artifact of
the projection process, which makes poles near the center
appear more clustered.

4.5.2. Misorientation distribution function (MoDF)

The MoDF provides information on the local arrange-
ment of grains. Misorientation is the relative change in ori-
entation from one grain to another, usually a neighboring
grain, and is often referred to as the orientation difference.
When reporting misorientation, a common practice is to
report the smallest angular rotation necessary to rotate
one orientation onto another [38]. Small misorientation
angles correspond to grains of similar orientation. Fig. 10
shows the distribution of misorientation angles. The
MoDF for this material shows that neighboring grains
are likely to have a large misorientation, as is evident from
few low angle misorientations in the MoDF. In fact, the
distribution has similar shape to that derived by MacKen-
zie [43] for randomly oriented cubes.
73 grain orientations.



Fig. 10. Distribution of misorientation angles.
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4.5.3. Micro-texture function (MTF)

The MTF is a measure of the amount of clustering of
orientations and misorientations [44]. It is similar in nature
to the MoDF, but gives information on a more local level.
The MoDF gives the number of misorientations in the
entire structure while the MTF describes how the lowest
misorientations are spatially arranged relative to a given
grain. The MTF is a distribution of the fraction of contig-
uous neighbor grains having ‘‘low misorientation”. In this
work, 15� was selected as the cutoff for considering a mis-
orientation to be low. In determining the MTF, the misori-
entation between a grain and each of its neighbors is
calculated. Then, the fraction of those misorientations
below 15� is determined. Fig. 11 shows the distribution of
the fractional values. A high fraction implies that locally
a large number of similarly oriented grains are clustered
together. As previously mentioned, the MoDF showed a
Fig. 11. Micro-texture function (MTF) quantifying similar orientation cluster
similarly oriented. In this material there is no significant local texture since no
small number of low angle misorientations in this material.
As a result, it is not expected that many grains would have
a high fraction of neighbors with low misorientation. This
expectation is confirmed by the MTF, which shows that no
grains share low angle misorientations with more than half
their neighbors. There have been studies [44] involving
materials that show significant micro-texture. Approxi-
mately 5% of the grains in a Ti-6242 sample in Ref. [44]
had low-angle misorientations with at least two-thirds of
their neighbors.

5. Parameter correlations

The correlation or mutual relationship between geomet-
ric parameters described in the previous section is impor-
tant because it provides additional information regarding
the morphology and spatial arrangement of grains. The
ing. A high fraction corresponds to a grain having most of its neighbors
grains have many similarly oriented neighbors.
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correlations investigated in this work are all specified to
have volume as the independent parameter, and the change
in other parameters are studied as a function of volume.
Note that the volume of each grain was converted into
an equivalent sphere radius (ESR) using Eq. (5) to simplify
delineating ranges of grain volume. Grains are placed in
their appropriate equivalent sphere diameter (2ESR) bin
and the distributions of each parameter were generated
and compared across the diameter bins. For each diameter
bin, representing a range of grain volumes, Table 1 lists the
average value of each parameter. Note that the 1 lm diam-
eter bin contains grains with diameter between 1 and 2 lm,
the two diameter bin contains grains with diameter
between 2 and 3 lm and so on.

Plots of these relationships are shown in the following
subsections, but it is also desirable to quantify the degree
of correlation between two selected parameters. To accom-
plish this goal, a quantity called the correlation ratio, g2, is
used [45]. The correlation ratio is a preferred metric in
comparison to the correlation coefficient, r, because it
can be used with non-linear relationships. The correlation
ratio is the square of the correlation coefficient (r2) if the
relationship is linear. If the relationship is non-linear, the
magnitude of the correlation ratio is larger, but retains a
value between 0 and 1. The formula for the correlation
ratio is given by

g2 ¼
PNb

b¼0nbð�yb � �yÞ2PNg

i¼0ðyi � �yÞ2
ð9Þ

where Ng is the total number of grains, Nb is the number of
bins, nb is the number of observations in a given bin b and

�yb ¼
Pnb

i¼0ybi

nb
; �y ¼

PNb
b¼0nb�ybPNb

b¼0nb

The correlation ratio can be thought of as the percentage of
the total variance of the dependent variable accounted for
by the variance between groups of the independent vari-
able. Equation 9 shows that if there is a large difference be-
tween the mean of the whole data set and the means of the
individual bins, then the correlation ratio is high. The de-
gree of correlation can be generalized into three groups:
Table 1
Average values of selected parameters as a function of equivalent sphere diam

Diameter or 2ESR
(lm)

Number of
grains

Number of
neighbors

Average neighb
or 2 ESR (lm)

1 356 6.51 4.49
2 832 8.75 4.49
3 639 12.11 4.46
4 394 16.24 4.39
5 259 20.23 4.39
6 146 25.67 4.33
7 56 30.79 4.30

Each grain’s volume is converted into an equivalent sphere diameter using Eq
small (0–0.3), medium (0.3–0.5) and large (0.5–1) [45].
The correlation ratios of the relationships will be presented
in the following subsections.

5.1. Correlation of number of contiguous neighbors as a

function of grain diameter

The number of contiguous neighbors as a function of
grain size was studied in Ref. [19] for iron which matched
well with experiments using aluminum in [46]. Addition-
ally, it is known from the perimeter law that the number
of edges (or neighbors) of a 2D grain is proportional to
its radius [19]. Studying this relationship in 3D may yield
a similar law for 3D grains. Fig. 12 shows the distributions
of number of neighbors as a function of grain diameter.
Clear from the figure is that the average number of neigh-
bors increases with grain size. This agrees with previous
studies by Enomoto [19], although number of neighbors
was considered as the independent variable in that work.
The trend of the curves in Fig. 12 is simply the reverse of
that in [19]. The correlation ratio for number of neighbors
and grain diameter has been calculated as 0.84. This high
value confirms the visual evidence of a strong correlation
between the two parameters.

5.2. Correlation of diameter of neighboring grains with

reference grain diameter

The number of contiguous neighbors offers information
about the number of grains contacting a reference grain,
but yields no information on the size distribution of the
neighbors. The spatial arrangement of grains can be better
understood if the size of grains that neighbor each other
can be quantified. Fig. 13 shows the distribution of neigh-
boring equivalent sphere diameters as a function of the
diameter of the reference grain. For this material, the dis-
tribution of the size of the neighboring grains is not
strongly dependent on the reference grain’s size. There
appears to be a minimal shift towards slightly larger neigh-
bors for small grains, but not a dramatic difference from
larger grains. The very low correlation ratio of 0.001 con-
firms this assessment.
eter

or diameter b/a c/a Surface-to-volume
ratio

Ellipsoidal
misfit

0.75 0.55 0.75 0.80
0.76 0.58 0.54 0.82
0.75 0.58 0.41 0.83
0.75 0.59 0.33 0.84
0.77 0.60 0.28 0.84
0.76 0.60 0.24 0.84
0.78 0.62 0.21 0.85

. (5) and each grain is then placed in the corresponding bin.



Fig. 12. Distribution of number of contiguous neighbors for grains of varying size. Increasing number of neighbors with increasing size matches previous
observations [19]. The parameters are clearly correlated by the noticeable shift, and the value of g2 = 0.84 determined for the data.

Fig. 13. Distribution of neighboring grain diameters for grains of varying diameter. There is no correlation with varying grain diameter, since the
distributions remain similar over all different sizes.
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5.3. Correlation of grain shape as a function of grain

diameter

In the current analysis, the aspect ratios of the best-fit
ellipsoid are studied as a function of grain diameter. In
order to fully define the ellipsoid, two aspect ratios are
needed. Ideally, one would want to measure the correlation
between size and shape by determining the aspect ratio b/a
as a function of grain diameter, and then also correlate the
aspect ratio c/a as a function of b/a for each size bin. How-
ever, while the number of grains is generally sufficient to
describe the first aspect ratio distribution relative to grain
diameter, the number of grains was too few (i.e.
<50 grains/bin) to describe the second aspect ratio’s distri-
bution. As a result, we have related the two aspect ratios to
grain diameter individually, as shown in Fig. 14. The cor-
relation ratios for each parameter are extremely low;
0.009 and 0.02 for b/a and c/a, respectively, i.e. grain shape
does not correlate strongly with grain size. The values of c/
a for the smallest grains (diameter bins 1 and 2) slightly
extend lower than those of the medium and larger grains.
This is likely the result of the fact that the smaller grains
are more significantly affected by resolution. During calcu-
lation of a grain’s moments (Section 4.3) each voxel is used
as a discrete point. The fewer the number of voxels in a
grain, the larger the contribution each voxel has on the
moment calculation. A couple of voxels added (or sub-
tracted) from a small grain can significantly alter the mea-
sured aspect ratios. The addition or subtraction of voxels
from a grain could result from the selected data resolution
resulting in more or fewer points within a feature of a given
size, or it could be due to the grain assignment of problem-
atic data during data clean-up. If a voxel near the bound-
ary were either assigned or not assigned to a particular
grain, the effect would be felt much more for a small grain.
The following section will discuss the metric chosen in this



Fig. 14. Distribution of (a) b/a and (b) c/a for grains of varying diameter. There appears to be no significant correlation between the aspect ratios and the
grain size. There is a shift to smaller aspect ratios for c/a than b/a, which is due to the definition of a > b > c. Additionally, the small deviation of the c/a
values for the smallest grains has been attributed to inadequate voxel resolution.
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work to quantify resolution relative to the size of individual
grains and will offer some insight into the resolution neces-
sary for accurate description of grain shape.

5.4. Correlation of surface-to-volume ratio as a function of

grain diameter

Surface-to-volume ratio is the final parameter to be cor-
related to grain diameter. As previously discussed, the
method for determining surface area-per-volume is highly
dependent on the voxel dimensions relative to the grain
size. As a result, the grains in the large size bins can be con-
sidered accurate, but the grains in the smaller size bins may
have erroneously high surface-to-volume-ratio values.
Fig. 15 shows the change in surface-to-volume ratio with
change in grain size. The trend of increasing surface area-
per-volume with decreasing grain size is clear and agrees
with expectations. However, the rate of increase is likely
smaller than seen in Fig. 15, when considering the effect
of relative resolution in the smaller size bins. Surface-to-
volume ratio and grain diameter showed the largest
amount of correlation with a correlation ratio of 0.86. Seen
in Fig. 15, the grains in the 1 lm diameter bin have very
poor relative resolution and the majority have at least
70% of their voxels on the surface of the grain. This finding
tends to support the general rule mentioned earlier for the
need of at least 10 sections through a feature for proper
reconstruction and characterization. A discretized sphere
with 10 voxels across its diameter would yield a surface-
to-volume ratio of �0.50. The two smallest grain size bins
(1 and 2 lm diameter) are below that threshold and these
show the most deviation in all the correlation plots. The
combination of Figs. 14 and 15 provide some evidence that
accurate description of shape requires, at minimum, �50%
of voxels be contained within the bulk of a grain or feature.
This minimum value realistically only provides the ability



Fig. 15. Distribution of surface-to-volume ratio for grains of varying diameter. There is strong correlation since the distribution shifts dramatically over
the different sizes. The rate of shift to higher fractions as diameter decreases is likely accelerated by poor relative resolution in the smaller grains. The
smallest grain size bin shows very poor relative resolution considering the extremely high fraction of voxels on the grain surface.
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to quantify general descriptions of shape (i.e. aspect ratios).
Quantification of local boundary curvatures likely requires
a much higher data resolution relative to the feature sizes.

6. Conclusions

This study outlines a method for unbiased materials
characterization in three dimensions. The distributions of
morphological parameters such as: grain volume, number
of contiguous neighbors, aspect ratio and surface-to-vol-
ume ratio, are calculated for 2704 fully contained grains.
Crystallographic parameters such as: the ODF, the MoDF
and the MTF are also calculated. In addition to the indi-
vidual distributions, the correlation between each parame-
ter and grain size is investigated. The grain size distribution
is seen to follow a lognormal distribution and varies notice-
ably from some selected alternate distributions. However,
the observed deviation from these ideal distributions may
be attributed, in part, to an inability to distinguish between
the c and c0 phases in the alloy. The average number of
neighbors was found to be 12.9, which is similar to previ-
ous results for a number of different metallic alloys
[19,30,31]. The average number of neighbors is seen to
deviate more significantly from values obtained for space
filling polyhedra [32,33]. Some grains were seen to be
nearly equiaxed, but in most cases the grains show elonga-
tion or flattening. The number of neighbors and surface-to-
volume ratio are seen to be highly correlated to grain size,
but neighboring grain size and shape show no significant
correlation to grain size. The misorientation distribution
function (MoDF) is seen to be similar to the random distri-
bution derived by MacKenzie [43]. The micro-texture func-
tion (MTF) is found to contain no grains with many
similarly oriented neighbors, agreeing with the MoDF.

This first part of two-part description shows a step-wise
advance in the field of quantitative 3D microstructure
(grain structure) characterization. The amount of quantita-
tive information available in the collected dataset surpasses
that commonly available through 2D stereological methods
and is invaluable for representing grain structures in mod-
eling. Additionally, the tools created to analyze the 3D
data are an important development in the automation of
the 3D characterization process. The second of this two-
part paper will focus on direct application of this character-
ization technique and the resulting distribution and corre-
lation functions in the generation of statistically
equivalent synthetic 3D grain structures.
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